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1 Introduction

The concept of dimension is fundamental to mathematics. Intuitively, if you scale an object O by some
factor ¢, then the number of times N the original object O fits inside the scaled object O’ is propotional to
cP, where D is the dimension of O. (Think of N as the relative size of O’.) Scaling a line segment [ by a
factor of 2 gives two copies of [. Thus, [ has dimension 1. On the other hand, scaling a square or a cube by
a factor of 2 gives 4 and 8 copies, respectively. So squares have dimension 2 and cubes dimension 3.

There are a number of formal definitions of dimension, for example the Lebesgue covering dimension
or the inductive dimension. For a reference on these and other topological dimensions see [8]. However,
the intuitive dimension of a fractal or other structurally complicated sets is often non-integral and does
not coincide with these formal definitions. To counter this, we will introduce the Hausdorff and similarity
dimensions, which, unlike the above notions of dimension, can take non-integral values. We will develop
the theory behind these dimensions, with particular regard to fractals, and conclude by showing that these
definitions coincide under mild conditions.

2 The Hausdorff Dimension

Definiton 1. Let k > 0 be a non-negative real number. For every § > 0 and every subset E C R?, define

) k
HE(E) = inf {Zaka(diamEi)k tE C | J B, diam E; < 5} ,

=1 i=1

where diam S = sup{|z — y| : z,y € S} denotes the diameter of the set S and oy, is a suitable normalising
constant, defined 2 paragraphs below. Define the exterior k-dimensional Hausdorff measure as the
limit of H% as & tends to 0:
HE(E) = lim HE(E).
6—0

In other words, H*(FE) is defined in the following way: consider covers of E by countable families {E;}
of sets with diameter less than ¢ and take the infimum of the sum }, a,27*(diam E;)*. Then H*(E) is the
limit of these infimums as § tends to 0.

The normalising constant is ay = F(%)k/l"(g + 1), where T is Euler’s gamma function. In particular, for
integral k, we have aj, = \*({z € R¥ : |z| < 1}), where A\* is the k-dimensional Lebesgue measure. That is,
ay, is equal to the volume of the k-dimensional unit ball.

Although not obvious, it follows that for any Borel set £ C R, we have A4 (E) = H¢(E). Moreover,
the fact that Hy(E) is indeed an exterior measure is not immediate. Proofs of these results are given in [J,
section 7.1] along with the result that Hy(F) is countably additive for Borel sets and thus, a measure when
restricted to Borel sets.

We will define the Hausdorff dimension of E C R? as the unique real k > 0 with H/(E) = oo for j < k
and H’(E) = 0 for j > k. To make this definition, we need the following lemma:



Lemma 1. If H*(E) < 0o and j > k, then H'(E) = 0. Also, if H*(E) > 0 and j < k, then HI(E) = oo.
Proof. For the first result, suppose H*(E) < oo and j > k. Fix § > 0. If diam E; < § then,
(diam E;)’ = (diam E;)? % (diam E;)* < 67~F (diam E;)*.
Note H¥(E) < H*(E). Hence,

. . 9—J
Hi(E) < 57+ 22 ) < gk 2

k
w2 ak2—kH (E).

Taking 6 — 0, we get that H7(E) = 0. The second result follows similarly: Suppose j < k and H¥(E) > 0.
Fix 6 > 0. We get ' '
(diam E;)* < 6877 (diam E;),

by the same reasoning as above. Then
. . a
() 2 () 2 9 2 k().

As 6 — 0, we have 6% — co. Hence, H/(E) = oco. O

Definiton 2. The Hausdorff dimension of E C R?, written dim E, is the unique k given by
k =sup{j: H/(E) = oo} = inf{j : H/(F) = 0}.

Note that H*(E) can take any value in [0, 00| for E with dim E = k.

The Hausdorff dimension is central to the theory of fractals. In fact, Mandelbrot defines fractals as
objects with non-integral Hausdorff dimension. See [6] and [9], chapter 7] for treatments on fractals using
Hausdorft dimension.

3 Similitudes and Invariant Sets

Before we can define the similarity dimension of an object, we need to lay some general groundwork.

Definiton 3. Let (X,d) be a metric space. The Lipschitz constant of F : X — X s

o @) ()
LipF = x¢2 (. 3) .

We say F is Lipschitz if Lip F < co and F is a contraction if Lip F < 1.

Definiton 4. A function S : R — R? is a similitude if there is some fized r € R such that |S(x) — S(y)| =
rlz —y| for all x,y € RY.

Note that a similitude S is Lipschitz with Lip S equal to the constant r in |S(x) — S(y)| = r|z — y|. From
herein, § = {51, ..., Sy} is a finite set of similitudes where Lip S; = r; < 1. (So S; is also a contraction.) For
arbitrary E C R%, define S(E) = Y, Si(E).

Theorem 1. There exists a unique compact set K C R% which is invariant with respect to S, in the sense
that S(K) = K.

Like many of the results and definitions in this essay, this theorem can be generalised to an arbitrary
complete metric space. See [5] for the more general treatment.

We denote the unique such K by |S]. A typical way of constructing a fractal X is to specify a set of
similitudes S and then define X to be |S|. The similitudes describe how the fractal |S| is ‘self-similar’ (see
).

Since we are now in a position to define the similarity dimension, we will delay the proof of this theorem
until section Bl



4 The Similarity Dimension

Consider the function f(t) = EN It’s easy to see that f(0) = N and f is btrictly decreasing continuous

i=1 7,
function approaching 0 as ¢ — oco. Thus, there exists a unique D such that Z =1.

Definiton 5. If YN

The similarity dimension is often called the fractal dimension and was introduced by Mandelbrot (see
[6]). An intuitive reasoning behind this definition is as follows. Often, a fractal exhibits a pattern that is
invariant under scaling. That is, some portion of the fractal is a copy of the fractal as a whole. So the fractal
doesn’t lose its detail when repeatedly magnified. The similarity dimension measures the ratio of the change
in detail of such a fractal to the change in scale. Note that the r; are a measure of how |S| scales.

We will prove in section |z| that the similarity and Hausdorff dimensions of |S| are often equal.

ZlL

im1 rD =1, then we say D is the similarity dimension of |S|.

5 Proof of existence and uniqueness of |S|

We will prove the existence and uniqueness of |S| using the Banach fixed-point theorem, which states that
a contraction mapping on a complete metric space admits a unique fixed-point [11] theorem 8.3.10]. First
we need to construct the metric space we will use.

Definiton 6. For z € R? and E C RY, the distance between x and A is d(z, E) = inf{|z —y| : y € E}.
Let C? be the family of non-empty compact subsets of R:. Define the Hausdorff metric 6 on C? by

§(E,F) =max (sup{d(z, F) : x € E},sup{d(y,E) : y € F'})
for E,F € C4.
Lemma 2. The Hausdorff metric § is indeed a metric on C% and, moreover, (C%,8) is complete.
The first part of this lemma is easy to verify. The second part follows from [4] result 2.10.21].
Lemma 3. For A;, B; € C%, we have
1) (U Aj;, U Bi> <supd (4;,B;) .
i€l el el

Proof. Without loss of generality, assume 6 (;c; Ai,U;c; Bi) = sup{d(z, U;c; Bi) : @ € U, Ai}. Clearly,
for all z € A;, we have d (z,{J;c; Bi) < d(z, B;) < 6(A;, B;). Thus,

6<UAi,UB¢> = sup supd( UB) <supd(4;, B)).

el el i€l z€A; iel =

Lemma 4. For f : R? = R? and A, B € C?,

6(f(A), f(B)) < (Lip f)0(A, B).

Proof. Firstly note that f(A), f(B) € C% so d(f(A), f(B)) is defined. Without loss of generality we can
assume O(f(A), f(B)) = sup{d(f(x), f(B)) : * € A}. Now the proof is just a matter of expanding out
definitions and using the Lipschitz property:

5(/(A), £(B)) = sup{int{|(x) — /(y)| -y € B}z € A}
< sup{inf{(Lip f)|x —y| :y € B} : z € A}
= (Lip f) sup{d(z,B) : x € A}
< (Lip f)3(A, B).



Theorem 2. A set of similitudes S, seen as a function C¢ — C%, is a contraction on (C%,6).

Proof. Firstly, note that S sends C? to C?. We need to show that S : C¢ — C? has Lipschitz constant less
than 1. From the two lemmas above, we get that for any E, F € C¢,

3 (S(E),S(F)) =4 (U si(e), |J Si(E)>

=1 i=1

< 122%35\[5(Si(E)7Si(F))

< max r;0(E, F).
1<i<N
Since r; < 1 for all 1 < ¢ < N, it follows that maxj<;<y 70(E,F) < 6(E,F). Thus, LipS < 1 as
required. O

Theorem 3 (the Banach fixed point theorem). Let (X,d) be a complete non-empty metric space and f :
X — X be a contraction. Then f admits a unique fized-point. That is, there exists a unique x € X such

that f(z) = x.

This result, also known as the contraction mapping principle, is a standard result in analysis. A proof is
given in [I1] section 8.3]. The result that |S| exists and is unique now follows easily:

Proof of Theorem [l Apply the Banach fixed point theorem to the contraction S : ct — ¢l O

Moreover, the Banach fixed point theorem gives us a constructive method to find |S|: start with an
arbitrary set Ey € C% and define a sequence {E,} by E, = S(E,_1) for n > 1. Then E,, — |S| with speed
of convergence described by

5 (|S], Ent1) < (LipS) 6 (|S|, En) < (121%%\[7“1-) 5 (|S], En) -

6 Aside: the Scaling Property

In the introduction, we discussed using the notion of scaling as a way of informally defining the dimension
of an object. In this section, we will formalise this property and show that the Hausdorff dimension satisfies
it.

Let C% = {(x1,...,z4) C R?: 0 < x; < 1} be the unit cude in R? and let aC? = {(x1,...,z4) C R? :
0 < x; < a} be C? scaled by some factor a > 0. In the introduction, we said that aC? is a® copies of C9.
What we technically meant was that we could translate a? copies of C? so that the disjoint union of the
resulting cubes was aC?. The crucial property here is that aC? ‘occupies the same amount of space’ as the
a? translated copies of CZ. In other words, A4(aC?) = a?\4(C%), where \? is the Lebesgue measure on R?.

More generally, let f : P(R?) — R2? be a function that assigns a dimension f(F) to subsets £ C R? and
let ;15 be a measure associated with each dimension § € RZ%. We say f and p; satisfy the scaling property if

nice)(aB) = af g ) (B)
where aF is a scaling of E C R? by a factor of a > 0.

Proposition 1. The Hausdorff dimension with the associated k-dimensional Hausdorff measure satisfies the
scaling property. In fact, for all k € RZ° and a > 0,

H*(aE) = " HF (E).

Proof. The result follows straightforwardly from the fact that diam(aE;) = a diam(E;). O



Unfortunately, we do not have an associated measure for the similarity dimension, so we cannot talk about
whether it satisfies the scaling property in general. However, we will see that for sufficiently ‘nice’ subsets
E C RY, we can construct a family of similitudes S such that |S| = E and the Hausdorff and similarity
dimensions of |S| agree. Then, for such F, the scaling property is satisfied by the similarity dimension with
the corresponding dimensional Hausdorff measures.

7 Agreement of the Hausdorff and Similarity Dimensions

In this section, we will show that the Hausdorff dimension equals the similarity dimension of |S|, provided
a certain separation condition holds:

Definiton 7. The set of similitudes S satisfies the open set condition if there exists a non-empty open
set O such that S;(O) are pairwise disjoint and contained in O:

1. UX,8;(0) c O, and
2. S;(0)NS;(0) =0 ifi#j.

Theorem 4. Suppose S satisfies the open set condition. Then the Hausdorff dimension of |S| equals the
similarity dimension of |S|.

This theorem was first given in this form in [5], however an equivalent result was proven in [7]. We need
to develop some more theory before we can prove it but first, we will apply it to an example.

8 Example: the Generalised Cantor Set
Let d =1 and S, = {51, S} where

S :R—=R:z— rz,
Sy :Ro>R:iz—r(z—1)+1.

If r = 1, then S,(C) = C where C is the Cantor set. So |S,| = C. For 0 < r < %, the invariant set |S,|
is called the generalised Cantor set. For a reference on the generalised cantor set see [2], chapter 1.7].

We can further consider the case 3 < r < 1. Here S,([0,1]) = [0,1] so |S,| = [0,1]. The Hausdorff
dimension of the closed interval [0,1] is 1 (by a result in [9, p. 329]) but the similarity dimension is D =
—log2/logr > 1. Thus, the two notions of dimensions do not agree in this case. Intuitively, we need the
open set condition so that S1,((0,1)) and Sa.((0,1)) do not overlap. Otherwise, their intersection ‘gets
counted twice’ in the calculation of the similarity dimension.

We will show explicitly that the open set condition doesn’t hold: We will first show that any non-empty
open interval (a,b) cannot satisfy the open set condition. Suppose (a,b) satisfied the open set condition.
Then S1,(a,b) C (a,b) implies a < 0 and Sa,(a,b) C (a,b) implies b > 1. Moreover, Sy,(a,b) N Sa,(a,b) =0
implies br < ar + (1 — r). Combining these facts we get

r<br<ar+(1-r)<(1-r),

which is a contradiction as r > % The case for arbitrary non-empty open sets follows: Suppose U C R is
a non-empty open set. By [3, theorem 4.6], U can be written as the countable union of disjoint non-empty
intervals I,,. If U satisfies the open set condition, then so would each I,,.

In the case 0 < r < %, the interval (0, 1) satisfies the open set condition. Thus, we can apply theorem

to calculate the Hausdorfl dimension:
—log 2

dim|S,| = ogr "

For a reference on the Hausdorff dimension of the Cantor set and other fractals see [10, p. 146-156].



9 Densities and Invariant Measures

Definiton 8. The lower k-dimensional density of the measure pi at the point x € R? is defined as:

Gf(u, x) = lim inf M

0 agpt
Similarily, the upper k-dimensional density is:
B
Hk*(u,l’) = lim sup L‘I’k[)))
p—0 QP

where ay, = T(3)k/T(4 + 1) is a normalising constant equal to the volume of the k-dimensional unit ball.

A result in [4 section 2.10] states that if 0 < u(A) < oo and the upper density 68**(u,a) is uniformly
bounded away from 0 and oo for all a € A, then 0 < H*(A) < oco. In particular, A has Hausdorff dimension
k. Thus, to prove theorem 4] we need only show that the upper D-dimensional density of p is uniformly
bounded away from 0 and oo, when D is the similarity dimension of |S|. But first we need to construct a
suitable measure .

Definiton 9. An exterior measure . on R?® is Borel regular if all Borel sets are measurable and for every
A C X there exists a Borel B D A with u(A) = u(B).

Definiton 10. The support of an (exterior Borel regular) measure v is:
spty = R? — {V : V open, v(V) = 0}.
Denote the set of finite Borel regular exterior measures with bounded support by M:
M = {p: n(R?) < 0o and p Borel regular with bounded support}.
Denote the subset of M of exterior measures y with mass 1 by M!:
M ={pe M:pRY =1}
For the rest of this section, assume p € M.

Definiton 11. Suppose f : R* — R% is continuous and sends bounded sets to bounded sets. Then the induced
map fu : M — M sends p to the pushforward of ju:

fu(E) = u(f~H(E)).

Recall that S = {51, ..., Sy} is a finite set of similitudes with LipS; = r; < 1 and ZN rP =1.

i=1"4
Definiton 12. Define S(u) = Zfil 1P S; 41 to be the convex combination of the pushforward measures Siz i
with coefficients rP

R

Theorem 5. There exists a unique u € M' that is invariant with respect to S in the sense that:

S(p) = p-

The proof of this theorem involves constructing a metric on M*, showing S : M! — M! is a contraction
map in this metric space and applying Banach’s fixed point theorem. The proof will be deferred to appendix

A (section [T1]).



10 Proof of Hausdorff and Similarity Dimensions Agreement

In this section we prove theorem {4l which states that, under the open set condition, the Hausdorff and
similarity dimensions agree.

First, we need some notation. Denote S;(S;(A)) by Si;(A) for A € R?. Similarly, denote S;, (Si, (...(S;, (4)...)
by Si,...i,(A) for A C R? and iy, ...,4p € {1,..., N}. For the rest of this section, let i1, ...i,, ... be a sequence
with each element i, € {1,..., N}. Below are some technical lemmas needed for theorem [4| Their proofs are
in appendix B (section .

Lemma 5. For A C R?, we have the bound
diam S;, i, (A) <7y - -7, diam A,
Furthermore, if A is bounded then,
diam S;, .., (A) = 0 as p — oo.
Lemma 6. We have the following inclusions:
IS| D 8i,(IS]) D ... ©8i, i, (IS]) D ...

Moreover, ﬂfil Si...i, (IS]) is a singleton set whose member is denoted x;,. 4,.... |S| is the union of these
singletons.

Lemma 7. Let O be the open set given by the open set condition and I be a finite set of tuples with elements
in{1,..,N}:
I={(j1,Jps-im): M €N and j, € {1,..., N} }.

Suppose that for every sequence 8 with elements in {1, ..., N}, there exists exactly one o € I such that o
is an nitial segment of B, that is:

o = (jla ’.]M) and B = j17 "'7jMajM+17
Then the family of sets {Sj,.. ju (O) : (j1, ..., M) € I} is pairwise disjoint.

Lemma 8. Suppose 0 < s1 < s2 < 00 and 0 < p < oo. Let {U;} be a family of disjoint open sets such that
each U; contains a ball of radius ps1 and is contained in a ball of radius psa. Then, for any x € R?, at most
(14 2s2)%s7? of the U; meet B(z, p).

Lemma 9. Let O be the open set asserted to exist by the open set condition. We have the following inclusion:
Siy..i, (IS]) C Si,..5,(0).
Lemma 10. If u € M" is the measure invariant with respect to S, then the support of u is |S|:
sptu = |S].
We can now prove the main result of this essay.

Proof of theorem[J. Let D be the similarity dimension of |S| and p € M! be the measure invariant with
respect to S. Assume without loss of generality that r1 < ... <ry.

Recall that it suffices to show that 7% (u, x) is uniformly bounded away from 0 and oo for all z € |S|.
We will find constants A\; and Ay such that

0 <A <Oh(p,x) <07 (p,2) < Ay < 00,

for all z € |S].



First, determine A1: Given z € |S|, using lemma we can write x = ;.. for some sequence iy, ..., ip, ...
Let p > 0 and consider B(z, p). Using lemmasand there exists ¢ such that S, (|S|) C B(z, p). Choose
the least such gq.
We have that r;, - ... - r;, diam|S| > prq. (Recall that |S| is bounded so diam|S] is finite.) Why? Suppose
not. Then,
Tiy *eee s 15 Tiy * oot T
Tiy oo 1y, diam|S| = "2 diam|S| < ———— diam|S| < p. (1)
riq 1
So Si,...i,1 (IS|) € B(z, p), which is a contradiction.
By lemma [10} £(|S]) = 1. Now, note that

1

N
w(A) =Y 1P Siup(A) > P Spppn(A) = rPu(S; ' (A)),
j=1
for any k=1,..., N and A C R%
Applying this repeatedly to A = S;, 4, (|S]):

(S, (S1) = rE (S5 (Sir., (S1)) = r20(Sii, (IS])
>zl u(|S)

R
Hence,
D.  _.D D
,U,(B(l',p)) > :U‘(Shlq(|8|)) > Tiy e T 1
D - D = D - . D"
app app app ap(diam|S|)

Therefore, we have found our A;: we have 07 (i, z) > rPap! (diam|S|)=" > 0 for all z € |S|.

We will now find Az. Again fix p > 0 and = € |S|. Let O be the open set given by the open set condition
and suppose O contains a ball of radius s; and is contained in a ball of radius ss.

Consider a sequence ji, jo, ..., jp, ... such that each j, € {1,..., N}. Select the least ¢ such that r;, -...-r; <

p. (We can do this as r; < 1 for all ¢ = 1,..., N.) Then by the analogous reasoning as above (see equation
1), r1p <7, -...-7j,. Let I be the set of all such tuples (ji, ..., jq):

I= {(j17~--7jq) :jla "'ajq € {15 aN} and ™p < Tjpw e Thg < p}

Notice that I satisfies the conditions in lemma 7| so {S},..;,(O) : (j1,...,Jq) € I} is pairwise disjoint.
Additionally, each Sj, . ; (O) contains a ball of radius rj, - ... - r; s1 and consequently also contains a
ball of radius r1ps;. Similarly, each Sy, ;. (O) is contained in a ball of radius rj, - ... - rj,82 and con-
sequently is also contained in a ball of radius pss. Then by lemma |8 at most (1 + 2s2)%(r151)~¢ elements of
{851..5,(0) : (41, ..., Jq) € 1} meet B(z, p). It follows from lemma hat at most (1+2s2)%(r151)~¢ elements
of {Sj,...5,(IS]) : (jus -y Jq) € I} meet B(z,p).

A result in [B] section 4.5] states, for (j1,...,74q) € I,

H= Z Tﬁ"~~'rﬁ5j1v--a‘q#ﬂﬁ Z PDSjl.,.jq#u-

(jla-*qu)eI (jla“'vjq)ej

(The inequality follows easily from 7, -...-r; < p.) Using lemma the support of Sj, ., #pis S, .5, (|S]).
Therefore,
wB@p) < > PS5 (B, p)0S; 4, (S)).
(jlwqu)EI
At most (142s2)%(r151) "¢ of these summands are non-zero. We know S, ;. #u(B(z, p)NSj,..;,(IS]) <
Sy jenit(RY) < 1 since g € M. Hence,

WBGp) 1y (42 (1420
app?  ~ appP p résd aprist



Thus, we have found our Aa: we have that 7% (u, 2) < (1 + 2s2)%(aprist)=! for all z € |S].

11 Appendix A - the L metric on M!

For a reference see [1I, section 2.6].

Definiton 13. Define the L metric on p,v € M* by:

Lp,v) = Sup{/sodu - /sﬁdv

Verifying that L is indeed a metric is straightforward, except for checking the condition L(u,v) < oo
which we will do now. Since p and v have bounded support, we can suppose sptu Uspty C B(a, p) for some
a€R%and p > 0. Let ¢ : R — R with Lipp < 1. We have

Jedu= [ v = [0~ ola)+ p@ydn~ [0 ota) + planar = [ (o~ plandu— [~ pla)an

¢ : RY — R Lipschitz with Lip ¢ < 1} .

since [p(a)du = [¢(a)dv = p(a). As ¢ has Lipschitz constant at most one, |p(z) — ¢(a)] < p for all
x € B(a, p). Hence

/(w —pla))dp — /(@ —p(a))dv < /pdu + /pdv = 2p.

So we have a bound on L(u,v).
Proposition 2. The metric L is complete.

This proposition follows from [5] section 4.3].
We use the metric L and Banach’s fixed point theorem to prove that there is a unique invariant measure
1w € M with respect to S.

Proof of theorem[3. It suffices to show S : M! — M! is a contraction map in the L metric. Firstly, we
need to verify that S(u) € M! for p € M!. Since S; € S is a similitude, S;4p has bounded support. It
is straightforward to check that S;yu is Borel regular and S;zp(R?) = 1. Thus, S;zu € M?! and hence

S(p) =0 P Sippn € M.

?

To show S : M! — M! is a contraction map, let ¢ : RY — R with Lipp <1 and let r = maxj<i<n 7i.
(Recall r; < 1 is the Lipschitz constant of S; € S.)
In [5l section 2.5], Hutchinson shows [ ¢d(Sixp) = [ ¢ o Sidu. Thus, for p,v € M*,

N N
LS. 50) = [ ¢dS0) - [ wd(sw)) = [ e <Zr?si#p> - [ <Zr?si#u>

i=1

ry </(<P o S;)du — /(<p o Si)du)
i (/(rlso 0S;)dp — /(r*Hp o Si)dy) .

Realise that r*1<p 0 8; is Lipschitz with Lipschitz constant at most »~*-1-r; < 1. Hence,

M= 11

Il
-

2

/(T‘lw o S;)dp — /(T‘lw 0 S;)dv < L(p,v).

Therefore, L(S(u),S(v)) < Zf\]:l rPrL(p,v) = rL(u,v). O

7



12 Appendix B - Proofs of Lemmata in Section

Proof of lemma[5 The first part follows easily from the fact that S; has Lipschitz constant r;:
diam S;(A) = sup{|Si(z) — S;(y)| : z,y € A} < sup{r;|z —y| : x,y € A} = r; diam A.
The second part follows from the first part and the fact r; < 1 forall:=1,..., N. O

Proof of lemma[6 Using the invariance of |S|:

N
1= siish =Usulsh == U Si.s, (5]

Thus, |S| D S;, (|S]) D ... D Si,..5,(IS]) D ... By lemma diam S;, ., (|S|) — 0 as p — co. Therefore,
ﬂ;ozl Si,...i, (IS]) is a singleton set. 0

Proof of lemma[7 Let v, € I and suppose v # §. Consider the tuples (ji, ..., j;) that are initial segments
of both v and 6. Chose the longest such tuple (j1,...,jq). (It is possible that ¢ = 0.) By assumption there
exist jg11 # Jo1q such that (41, ..., jg, jg+1) is an initial segment of v and (1, ..., jg, jj41) 18 an initial segment
of §. By 1. in the open set condition, S,(O) C Sj,...j.j,..(0) and S5(0) C Sjl___jqj(/Hl(O). Hence, by 2. in
the open set condition,

54(0) N S5(0) C Sjy..5,(Sj,, (0) N Sj (O)) = 0.

q+1< Jq+1

O

Proof of lemma @.Euppose without loss of generality that Uy, ..., U, meet B(0,p) and all other U; do not.
Then each Uy, ...,U,, is a subset of B(z, (1 4 2s3)p). Hence, we have m disjoint balls of radius ps; inside
B(z, (1 + 2s2)p). The sum of their volumes must be less than the volume of B(z, (1 + 2s2)p):

magp®s? < ag(l + 2s2)%p%.

(Recall ag = T'(3)?/I'(4 + 1) is the volume of the unit ball.) This gives us the result. O

Proof of lemma[9 First note that S; (0) = Si,...;,(0). By the open set condition, S(O) C O. Then

1-..0p

0>8(0)>8%(0)>...087(0) >
Let a € O. By the above reasoning, limy, s 00 Si; i, (a) € O. But realise that Banach’s fixed point theorem
applied to the contraction S : C% — C? gives us a way of constructing |S| (see remark after proof of theorem
. In particular, lim, o0 S, ..i, (@) = 24,..4,.... By lemma|§|7 S is the union of the x;,. ;... Thus |S| C 0.
Finally, we get S;, .., (|S]) C Si,...i,(O) by applying S;, ..;, to both sides of |S| C 0. O

The proof of the final lemma of section [L0| requires more theory on invariant measures and is given in [5l
section 4.4(4)].
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