Vector Fields on Spheres

James Bailie

October 2017

A thesis submitted for the degree of Bachelor of Science (Honours)
of the Australian National University

Australian
@ - National
S University






Acknowledgements

First and foremost, I thank my supervisor, Dr. Vigleik Angeltveit, who spent countless
hours explaining (and re-explaining) every part of this thesis to me. I also thank
all of my officemates, friends and family for keeping me company and supporting me

throughout this long process.

iii






Contents

|Acknowledgements|

1.3.2 K-Theory| . . . . . . . . .

[1.4 Thom Spaces| . . . . . . . . . . . e
[1.5  Cohomology Theories| . . ... ... ... .. ... ... ... ......
6 Degree| . . . . . . . e e e e

[L.7 Stunted Projective Spaces| . . . . . . . . ... oL
[1.8  Reducibility and Coreducibility| . . . . . . . ... ... ... ... ...
[1.8.1 Reducibility|. . . . . ... . oo
[1.8.2  Coreducibility|. . . . . . . . .. ... .

[1.10 K Theory as a Cohomology Theory| . . . .. ... ... ... ......
[1.10.1 Bott Periodicity] . . . ... . ... ... ... . L.
[1.11 Adams Operations| . . . . . . . . . ... .

|2 Constructing Vector Fields|
2.1 Clifford Algebras| . . . . . . . . . .. .. . .
[2.2  Constructing Vector Fields| . . ... ... ... ... ... .. ......

|3 Steenrod Squares and the Proof of a Special Case|

3.1 Steenrod Algebras and Squares| . . . . . . ... ... ... ... ...
[3.2  Steenrod Squares in Projective Spaces| . . . . . . . ...
3.3 Proving the special casel . . . . . . . .. .. ... ... .. ..

BN T S O O U SUR Sy e

[ I R e e T e T e e e
N = = © O O Ot Ot W N = O



vi

4 The Stable Homotopy Category]|

4.1 Boardman’s spectral

A12

Constructing the Stable Homotopy Category|

A13

Homotopy Groups of Spectral . . . . .. ... ...

A1

Brown’s Representability Theorem| . . . . . . . ..

E15

Weak Equivalence of Spectra] . . . . . .. ... ..

A16

Inverse Suspension| . . . . . .. ... L.

A17

Cells of CW-Spectral . . . . ... ... ... ....

[4.2  The Smash Product and Symmetric Spectra)

4.3 Some Stable Homotopy Theory|

A3.1

The Freudenthal Suspension Theorem| . . . . . . .

[4.3.2 A Stability Theorem for Cohomotopy Groups|

[4.3.3 Maps ot Suspension Spectra in the Stable Range|

5.2 Alexander Duality|

5.3 Atiyah Duality]|

B3.1

Dual of Stunted Projective Spaces| . . . . . . . ..

|6 Spectral Sequences|

6.1.1

Exact and Derived Couples| . . . . . ... ... ..

6.1.2

The Fo page] . . . . . . . o o o oo

6.1.3

CONVEIZeNce| . . . . « v v v v v vttt e e

6.2  The Atiyah Hirzebruch Spectral Sequence]

7 K-Theory of Stunted Projective Spaces|

(7.1 The Complex K-Theory of CP"™/CP™|

(7.2 The Complex K-Theory of RP"/RP"|

[7.3  The Real K-Theory of RP"/RP™|

CONTENTS



CONTENTS

|A Some Category Theory|

|[Bibliography|

vii

97
97
98
99
99

100






Notation

In the following, X, Y, A are topological spaces with A C X having the subspace topol-

ogy.

Notation

*

XY

Sﬂ

X/A

XVvY

The space consisting of a single point.

The closed unit interval [0, 1].

The disjoint union of X and Y.

The disjoint union of X and a point x*.

The n-dimensional sphere, S™ = {v € R**1 | ||v|| = 1}.

The quotient space of X [[{*} by the equivalence relation z ~ y if
either x,y € A[[{x} or x =y. So X/ = X .

The wedge sum of based spaces X and Y, defined by the quotient
of X []Y where we have identified the basepoints of X and Y.

{0,1,2,3,...}.

{1,2,3,...}.

The infinite cyclic group.

The cyclic group of order n.

Denotes the real numbers R or the complex numbers C.
Denotes the quaternions.

The algebra of n x n matrices over F.

The n-dimensional F-projective space, consisting of the lines pass-
ing through the origin in F**1.

The standard basis vectors of F".

X



Top
Top.
CwW
CW,
Ab

W=Z

X~Y
[X,Y]

K(G,n)

NOTATION

The category of topological spaces.

The category of pointed topological spaces.
The category of CW complexes.

The category of based CW complexes.

The category of abelian groups.

Objects W and Z are isomorphic in the appropriate category. Usu-
ally denotes a homeomorphism between spaces, or weak equiva-
lence of spectra.

Spaces X and Y are homotopy equivalent.
The set of homotopy classes of maps X — Y.

The Eilenberg-MacLane space with m;K(G,n) = G if i = n and
trivial otherwise.



Chapter 1

Preliminaries

1.1 Introduction

We are concerned with determining the number of non-vanishing, linearly independent,
tangent vector fields of S™. In this thesis, we solve this problem largely by using tools

of algebraic topology.

Figure 1.1: A hairy ball: a vector field on S? [26].

Definition 1.1. A vector field on S"~! is a continuous map v : S»' — S"~! such

that v(x) is tangent to .

So we will require all vector fields herein to be non-vanishing, normalised and tan-
gent.

Suppose n = 2k for some integer k. Then S"~! embeds in C¥ and v(x) = iz is a
vector field. So we have at least one vector field on odd dimensional spheres. On the
other, we can show easily that there are no vector fields on even dimensional spheres.
If v(x) was a vector field, then we would have a homotopy between the identity and
the antipodal map:

hi(z) = x cosmt + v(zx) sin 7t.

1



2 CHAPTER 1. PRELIMINARIES

This contradicts the fact that the antipodal map has degree —1 on even dimensional
spheres. This result is called the hairy ball theorem and was first proven by Brouwer
[5]. In the case S2, we can imagine the vector field as hairs on a ball. The theorem
then states that it is not possible to comb a hairy ball without a cowlick.

Definition 1.2. For n € Ny, write n = (2a +1)2° and b = ¢ +4d for a, b, ¢, d integers
and 0 < ¢ < 3. Define the Radon-Hurwitz number p(n) = 2¢ + 8d.

b |01 2 3 4 5 6 7
2011 2 4 8 16 32 64 128
pn) |1 2 4 8 9 10 12 16

n |1 23 45 6 7 8
pn) |1 2 1 4 1 2 1 8

The main result of this thesis is the following:

Theorem 1.3 [I, Theorem 1.1]. The mazimum number of linearly independent vector
fields on S~ is exactly p(n) — 1.

Interestingly, p(n) only depends on the factors of two in n and therefore, grows
surprisingly slowly.

The construction of p(n) — 1 vector fields on S"~! was solved by Hurwitz, Radon
and Eckmann, using real Clifford algebras [6]. The Radon-Hurwitz number arose from
earlier work and has a number of applications in linear algebra [19]. Adams showed in
1962 that it was not possible to construct p(n) vector fields [I].

Previous results proved the impossibility for b < 3 (Steenrod and Whitehead [21])
and b < 10 (Toda [22]). Adams’ proof was the one of the first major use of a new
powerful tool in algebraic topology at that time, called topological K theory. (The
other being a greatly simplified proof of the Hopf invariant one theorem.) He utilised
a reduction of the problem to one concerning real projective spaces, due to James:

Theorem 1.4 [I3, Theorem 8.2]. Suppose that n — 1 < 2(n — k). There are k
linearly independent vector fields on S™ 1 if and only if the stunted projective space
RP"~1 /RP"*~1 is reducible: that is, there is a map

f:8" " = RP*/RPH!
such that composition with the quotient map q
g1 Ly gl RPrRL 4 gl /RP2 = g7

has degree 1.

The major work of [I] was Adams’ computation of the K-theory of projective spaces
along with the resulting corollary:

Theorem 1.5 [I, Theorem 1.2]. The stunted projective space RP™P(") JRP"1 s not
coreducible, at least when n is a multiple of 16: that is, there is no map

£ RPHP) /RPL g
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such that composition with the inclusion map 1
s = RP"/RP™! & RP () RPr1 Ly gn

has degree 1.

Theorem had already been proven by Steenrod and Whitehead in [21] for the
special case when n is not a multiple of 16. (We prove this special case in chapter 3.)
Adams was then able to prove theorem for n a multiple of 16 using theorem
and some stable homotopy theory.

In this thesis, we will provide the background to prove this result, assuming only
some basic algebraic topology and category theory. To avoid pathologies, we assume
that all spaces are compactly generated weak Hausdorff.

We begin in chapter [1| by outlining the necessary background. In chapter |2 we
construct the p(n) — 1 vector fields on S"~!. In chapter [3, we prove the special case
of the main theorem , when n is not a multiple of 16. In chapter |4, we introduce
spectra and define the stable homotopy category. In chapter 5] we present a number of
results on duality which are needed to solve our vector field problem. In chapter [6], we
develop spectral sequences and prove the existence of the Atiyah Hirzebruch spectral
sequence. In chapter [7] we apply this spectral sequence to compute the K theory of
stunted projective spaces. Finally, in chapter |8 we achieve our goal, by proving the

two main theorems and .

1.2 Some Basic Algebraic Topology

1.2.1 Join
Definition 1.6. The join of two spaces X and Y is
X*Y=XxY xI/R,

where R is the relation defined by (z,y,0) ~ (z,v/,0) and (x,y,1) ~ (2/,y,1) for all
z, 7’ € X and y,y €Y.

Intuitively, the join of X and Y is the space of lines connecting each point of X to
each point of Y.

1.2.2 Smash Product

Definition 1.7. The smash product of two based spaces X and Y is the quotient of
their cartesian product by their wedge sum:

XAY = (X xY)/(XVY).

The sphere S"*™ is homeomorphic to the smash product S™ A S™.
Given based maps f1: X1 — Y1, fo : Xo — Yo, we have a map

fl/\fQIXl/\XQ—>Y1/\Y2,
(1, 22) = (fi(x1), fa(x2)).
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The reduced suspension

Definition 1.8. The reduced suspension ¥ is a functor from Top. to Top, defined on
objects by
SX=8'AX

and on maps f: X — Y by

NX - %Y,
Yf(s,z) — (s,f(x)) )

The k-th fold reduced suspension is homeomorphic to the smash product with S*:
yhX = Sk A X

The smash product gives a symmetric monoidal structure on the category of locally
compact Hausdorff spaces. In this category, the internel hom exists and so we have an
adjunction

Hom(X A A,Y) = Hom (X, Hom(4,Y)).

In particular, taking A = S, we recover the suspension-loopspace adjunction

Hom(XX,Y) = Hom(X, QY).

1.3 Bundles and K-Theory

1.3.1 Bundles
Vector Bundles

Intuitively, vector bundles are spaces that locally look like the cartesian product of a
base space B and a vector space.

Definition 1.9. A (real) vector bundle consists of
1. topological spaces B and F,
2. a continuous surjection p : K — B,
3. and a (real) finite vector space structure on p~!(b), for each b € B,

satisfying the local trivialisation condition: there is an open covering {U,} of B such
that for each U, there exists a positive integer n and a homeomorphism kg, : p~1(Uy) —
U, x R™ taking p~1(b) to {b} x R" by linear isomorphism for all b € U,,.

We call B the base space, E the total space, p~'(b) the fibre at b € B and hy, a local
trivialisation.
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A complex vector bundle is define analogously. Often only the total space F is given
and the rest of the structure is left implicit.

Note that the dimension of the vector space structure on each fibre p~1(b) is constant
in each U,. It follows that the dimension is constant in each connected component of B.
If the dimension n of p~!(b) is constant for all b € B, then we call E an n-dimensional
vector bundle.

A bundle that is 1-dimensional is called line bundle.

Definition 1.10. A map of vector bundles F4 LEN By and Ey LEN Bs is a continuous
function f : F1 — Fo which sends fibres to fibres by a linear transformation.

A vector bundle map f : Ey — FE5 is an isomorphism if it is a homeomorphism and
a linear isomorphism on fibres.

Examples

Let F = C or R. The n-dimensional trivial bundle €* — X is the cartesian product
F™ x X with the projection map p : (v,z) — z.
The quotient space of

IXR/(O,U)N(L—U)

is a real 1-dimensional bundle over S'. It is called the Md&bius bundle since it is
homeomorphic to the Mobius strip with its boundary removed.
Real projective spaces has a canonical line bundle

E={(l,v) eRP" xR"" |vel}

where the fibre of each line [ consists of vectors in [. These line bundles will play a
major part in this thesis, as we will show they generate the K theory of RP". Complex
projective spaces CP™ also have canonical line bundles, defined in an analogous way.

Transition Functions

Given two local trivialisations hq : p~1(Us) — Uy x R™ and hg : p~1(Ug) — Uz x
R™ with non-empty intersection, the homeomorphism hg o ht: (Ua N U/g) X R" —
(Ua N Ug) x R™ describes how the two local trivialisations are glued together. Since
ha,hg send p~1(b) to {b} x R™, the gluing map hg o hy' sends (b,v) to (b, gap(b)v),
where gog : Uy N Ug — GL(n).

Definition 1.11. The maps g,g are called the transition functions of the bundle E.
The transitions functions satisfy gas(b) = gga(b)~! and the cocycle condition:
gra(b) © sy (b) © gap(b) = I

for all b € UoNUg N U,.
As demonstrated by the following example, the transition functions completely
describe a vector bundle.
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Example 1.12. Given an open cover {Uy} and functions gap : Uy N Ug — GL(n)
defined on the intersections satisfying gas(b) = gsa(b)™! and the cocycle condition, we
can build a vector bundle by forming the pieces {Uy x R™} and gluing them together on
the overlaps via gag.

We can easily extend this example to define a vector bundle with non-constant
dimension.

Sections

Definition 1.13. A section of a vector bundle p : E — B is a continuous map s : B —
FE such that po s =idp.

There is always a canonical section, the zero section, which sends b € B to the zero
vector in the fibre p~1(b).

Example 1.14. Given a (real) differentiable manifold M of dimension n, denote the
tangent at x by T, M. Then the tangent bundle Tpy = {(z,v) | z € M,v € T,M} is a
vector bundle of dimension n.

Fibre Bundles

Fibre bundles are generalisations of vector bundles, in the sense that locally a fibre
bundle looks like the cartesian product of the base space and the fibre, but the fibre do
not need to have a vector space structure.

Definition 1.15. A fibre bundle consists of
1. topological spaces E, B and F,
2. a continuous surjection p : E — B,

satisfying the local trivialisation condition: there is an open covering {U,} of B such
that for each U, there exists a homeomorphism h, : p~1(U,) — U, x F taking p~1(b)
to {b} x F for all b € U,.

We denote a fibre bundle by F — E % B.
We also have the notion of transition functions which must satisfy go.g = ggi and
the cocycle condition. However now g,g maps into the group of homeomorphism of F'.

As is the case for vector bundles, the transition functions contain all the information
of the fibre bundle.

Fibrations

Definition 1.16. A map p : £ — B has the homotopy lifting property with respect
to a space X if the following condition is satisfied: Suppose there is a homotopy f :
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X xI— Bandamap fo: X — E lifting fo. That is, fo = po fo. Then there exists a
homotopy f : X x I — F lifting f. That is, there exists f making the diagram

commute.

Definition 1.17. A map p : E — B is a (Hurewicz) fibration if it has the homotopy
lifting property with respect to any space. It is a Serre fibration if it has the homotopy
lifting property with respect to any disc D™ (or equivalently, any finite CW complex).

Any fibre bundle is a Serre fibration. If the base space is paracompact, then it
is also a Hurewicz fibration. For proof of these statements, see [9, Proposition 4.48]
[20, §2.7] respectively. The fibres p~1(b) of a path-connected (Serre) fibration are
(weakly) homotopy equivalent [9, Proposition 4.61]. So we can think of fibrations as the
homotopy versions of fibre bundles. Like fibre bundles, we can write a path-connected
fibration as F — E & B, where F' is ‘the’ fibre.

1.3.2 K-Theory

Let Vecty(X) be the set of isomorphism classes of F-vector bundles over a fixed base
space X. Since Ey = E) and E, = E) implies Ey @& Ey = E] @ E), the direct sum is
well defined on Vectp(X). Moreover, we have that E @ ¢’ = E for all vector bundles
E. Thus, the direct sum gives a commutative monoid structure on Vectp(X).

Operations on Vector Bundles

Basically any vector space operation can also be done on vector bundles, by un-gluing
the fibres, applying the operation to each fibre and then re-gluing the fibres back
together.

Definition 1.18. Given two vector bundles p; : F7 — X and pg : o — X over a base
space X, define their direct sum

E, ® Ey ={(e1,e2) € E1 X Ey | p1(e1) = pa(e2)}.

Definition 1.19. Given two vector bundles p; : B3 — X and pg : Fo — X over a base
space X, define their tensor product E1 ® FEo be the disjoint union of the vector spaces

Py (z) @ py ().

Proposition 1.20. A continuous map f : E1 — Es between two vector bundles over
the same base space is an isomorphism if it takes each fibre pfl(b) to the corresponding
fibre pgl(b) by linear isomorphism.

This is Lemma 1.1 in [10]. We omit the proof.
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Definition 1.21. Given amap f : A — B and a vector bundle p : E — B, the pullback
of F by f is the vector bundle

fA(E) ={(v,a) € Ex A[p(v) = fla)}.
The pullback f*(E) fits into the commutative square

E
I
f

—F B

JH(B) =

pra|
A

where pr;(v,a) = v and pry(v,a) = a.

Note that f*(FE) only depends on the isomorphism type of E.
The construction of the pullback defines a map

f* : Vectp(B) — Vectp(A)
E s f(B)
for any map f : A — B. This is well defined since f*(Ey) = f*(FE2) if By = E».

The Functor K

We are now in a position to define K-theory.

Definition 1.22. Given a topological space X, define the F K theory Kp(X) to be the
Grothendieck completion of the commutative monoid (Vectg(X),®). That is, Kr(X)
consists of formal differences E1 — E5 of vector bundles F1, Ey, with the equivalence
relation E1 — Ey ~ E] — FE) if there exists E3 such that

E\® E)® E3 = E{ ® By @ Es,
and addition given in the obvious way:
(Er — E2) + (B} — E3) = (B © E») — (E1 @ E3).

We generally only consider compact Hausdorff X. This simplifies Kr(X), by the
following proposition:

Proposition 1.23. If X is compact Hausdorff, then for every vector bundle E — X,
there is a vector bundle E' — X such that E ® E' is the trivial bundle.

We will omit the proof of this proposition. It can be found in [I0, Proposition 1.4].
Using this proposition, we see that Ey — Ey = Ff — El, in Kp(X) if and only if

Ei1QE,d"=E® Ey®€",
for some n. Moreover, every class in Kr(X) can be represented by a difference F — €”
since given E1 — Fo, there is a bundle E3 with Fy ® F3 = €. So we get
Ei—Ey=FE ®FE3—FE,® FE3=F —¢€".

The function f : X — Y induces a map on K-theory f* : Ky(Y) — Kp(X) by
sending Ey — FEo to f*(E1) — f*(E>). This is well defined and a group homomorphism.
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Definition 1.24. The contravariant functor Ky from the category of compact spaces
to Ab sends objects X to K(X) and sends a map f : X — Y to its pullback f* :

We can define a commutative multiplication on Kr(X) by the formula
(Er — E2) (B} — Ey) = (E1 ® B} — E1 ® Ey) + (B2 ® Ef — B2 ® Ej).

It is straightforward to check that this is indeed well defined and €' — €” is the identity.
Moreover, f* : Kr(Y) — Ky(X) commutes with this multiplication, so it is a ring
homomorphism.

Let X have basepoint xg. Define the reduced K-theory I?]F(X ) as the kernel of the
map induced by the inclusion 7 : * — X. Elements of I?]F(X ) are E — €"” where the
fibre of E has dimension n at i*(x). Since I?F(X ) is an ideal, we can think of it as a
non-unital ring.

The dimension of a vector bundle remains constant under any induced map f*. So
if £y — E5 is in the kernel of ¢*, then f*(E;) — f*(E2) will as well. We therefore get a
contravariant functor [?IF from based compact spaces to Ab.

Notation

We write E € Kp(X) for the class represented by E — €". Given a non-negative integer
k, write kE € Kp(X) for the k-fold sum of E and E* for the k-fold product of E. For
negative k, take the k-fold sum or product of the additive or multiplicative inverse of
E (assuming a multiplicative inverse of F exists).

Universal Property of K Theory

Since we constructed Kp(X) as the Grothendieck completion of the commutative
monoid (Vectr(X), ®), we have the following universal property:

Kp(X) is the unique abelian group such that for all abelian groups A and homomor-
phisms (of monoids) f : Vecty(X) — A, there exists a unique map (of abelian groups)
f: Kp(X) — A such that

Mt
7 /;/
f

-
-
-

Kp(X)

So, if we can construct a map from Vectr(X) to an abelian group A, then we get
a group homomorphism from K (X) to A for free. A could be a ring, however, in this
case, this map is not necessarily a ring homomorphism.

The Complexification Map

Given an n-dimensional real vector bundle p : £ — B, we can construct an n-
dimensional complex vector bundle ¢(F) as follows. Take each fibre and tensor with C
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over R. The local trivialisations remain the same since p~!(U,) — U, x R™ becomes
C®p Y (Us) = Uy x (C @ R") = Uy x C".

Equivalently, ¢(F) is constructed from E @& E by defining scalar multiplication by i
in each fibre R” @ R” via the rule i(z,y) = (—y, ).

Note that ¢(Ey @ E3) = ¢(E1) @ ¢(E2). Then Ey — Ey = E] — E} in Kg(X) implies
c(Ey) —c(E2) = c¢(E})—c(E)). Also, ¢ distributes across addition in Kg(X). Therefore,
we get a group homomorphism ¢ : Kr(X) — Kc(X) sending E1 — Es to ¢(E1) — ¢(E2).

We claim that additionally c is a ring homomorphism. Why? Suppose that E; and
E5 are n and m dimensional vector bundles. Since multiplication in Kg(X) is defined
using the tensor product, it is sufficient to show that c¢(Ey ®gr E2) = ¢(F1) Qc ¢(F2).

Now, it is easy to see that

(R" 9z R™) & (R" 8 R™) = (R" & R") ©¢ (R™ & R™),

where the direct sums have complex vector space structures given by i(z,y) = (—y, x).
Note that the left hand side is a fibre of ¢(E; ® E3) and the right hand side is a fibre
of ¢(E1) ® ¢(E2). We can easily extend this vector space isomorphism to a continuous
map ¢(F) @r E2) = ¢(E1) ®c ¢(E>2). Then by Proposition we have that this map
is a vector bundle isomorphism.

Going in the opposite direction, we can construct a 2n-dimensional real vector
bundle r(E) from an n-dimensional complex vector bundle E by forgetting about the
complex structure on the fibres. This gives a group homomorphism r : K¢(X) —
Kg(X) sending Fy — Es to r(E1) —r(FE2). However, it does not preserve multiplication.

1.4 Thom Spaces

Suppose we want to define an inner product on a vector bundle. This is not simply a
matter of choosing an inner product for each fibre, since these choices may not agree
when we glue the fibres together. Fortunately, when X is compact Hausdorff, there is
an inner product on any vector bundle p : E — B [10, Proposition 1.2].

Now suppose we have an inner product on a vector bundle p : E — B. (If B is
paracompact, it is always possible to have a metric on E.) Define the sphere bundle
S(F) to be the space of vectors with norm equal to 1. Similarly define the disk bundle.
These are fibre bundles, provided E has constant dimension. There are also definitions
of S(E) and D(F) which do not use a metric but we will not concern ourselves with
this.

Definition 1.25. The Thom space of a vector bundle F is the quotient
Th(E) = D(E)/S(E).

Sometimes we will write Th(B, E) to emphasis that E is a vector bundle over the
base space B. Isomorphic bundles give homeomorphic Thom spaces.
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Proposition 1.26. If X is a compact, then Th(E) is homeomorphic to ET the one
point compactification of E.

Proof. The bundle E is homotopy equivalent to D(E) — S(E) by using a homotopy
equivalence between F" and the open ball. But D(E) — S(F) is a subspace of Th(E)
whose complement is a point.

Therefore, we have a continuous bijective map Th(E) — E*. Since ET is Hausdorff
and Th(FE) is compact, this map must be a homeomorphism. O

Proposition 1.27. For a vector bundle p: E — B, we have a homeomorphism

Y"Th(E)  for E real,

Th(E @ ") =
Y2"Th(E) for E complex.

Proof. We only consider the case for real vector bundles, since this will suffice for our
needs. Moreover, we need only prove the proposition for n = 1, since larger n will
follow by induction:

Th(E® ") =Th(E® " ' @e') 2 NTh(E @ "),
For n = 1, define a norm on E @ ¢! = E x R by |(v,w)| = max{|v|g, |w|e}. Then

D(E @ €e') =2 D(E) x [0,1]
and

S(E@e')=oD(E@e') ={0,1} x D(E)U[0,1] x S(E).
Therefore,

[0,1] x D(E)
{0,1} x D(E) U [0,1] x S(E)
Sl x D(E)
~ xx D(E)UST x S(E)
S x Th(E)

= = YXTh(FE). O
* x Th(E) U ST x (B)

Th(E @ ') =

1.5 Cohomology Theories

Recall that a CW pair (X, A) is a CW complex X with a sub-complex inclusion A — X.
Every CW pair (X, A), for A non-empty, is a good pair, in the sense that A is a non-

empty closed subspace that is a deformation retract of some open neighbourhood in
X.

Definition 1.28. A reduced cohomology theory is a sequence of contravariant func-
tors E™ (for n € Z) from CW, to Ab, with natural transformations § : E"(A) —
E"T1(X/A) for CW pairs (X, A) satisfying the following axioms:
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*

1. Homotopy: if f,g : X — Y are homotopic then the induced maps f*, g* :
E™(Y) — E™(X) are equal.

2. Exactness: for each CW pair (X, A) there is a long exact sequence

LS BN XA S Br(x) D BrA) S Brl(x/A) S

where ¢ is the inclusion map A — X and ¢ is the quotient map X — X/A.

3. Additivity: For a wedge sum X = V,X, with inclusions i, : X, — X, the
product map

[T E"x) =[] E"(Xo )

«

is an isomorphism for all n.

Definition 1.29. An unreduced cohomology theory is a sequence of contravariant func-
tors E" (for n € Z) from pairs of CW complexes (X, A) (with X non-empty) to abelian

groups, with E"(X, A) = E"(X/A) for some reduced cohomology theory E.

In the other direction, one gets a reduced theory E from an unreduced theory E by
setting E™(X) to be the kernel of the map E"(X) — E"(x) induced by the inclusion
o — X.

1.6 Degree

In the introduction, we saw that the degree of a map f : S™ — S™ will play an important
role in the proof of the main theorem.

Definition 1.30. Let f : S™ — S™. The degree of f is the integer [f] € m,(S™) = Z.
(See [9, Corollary 4.25] for a proof that m,(S™) = Z.)

Using this non-standard definition, we get Hopf’s fundamental result for free: the
degree of two maps f,g: S™ — S™ are equal if and only if f ~ g.

The following proposition tells us that this definition agrees with the usual def-
inition, where the degree of f : S™ — S™ is the integer d in the induced map on
cohomology f*: H"(S") =2 Z — H"(S") =2 Z: a — da.

Proposition 1.31. If f : S™ — S™ has degree d, then the induced map f* on any
reduced cohomology theory is multiplication by d.

This result is important for our purposes as it describes how a degree d map behaves
on K theory.

Proof. For d > 1, f is homotopic to

- .
gq o Sm Ry gn Vid, gn
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since we know g4 has degree d. Thus, we need only prove that g} is multiplication by
d.
If E is any reduced cohomology theory, then g7 is the composite

Er(sm) Y BR (vsm) 2 [T, BR(sm) PR B (s

T y (2., )

(X1, Tg) ——————— Y T

(Why is (pinch)*(z1,...,2q) = Y ;2;? When d = 1, we know that the pinch map is
homotopic to the identity. It follows that (pinch)*(0,...,0,2;,0,...,0) = x;. There is
only one homomorphism that satisfies this property for all 7, so (pinch)*(z1, ..., z4) must
be > . x;.) Thus, the composition is multiplication by d.

For d = 0, f is null-homotopic, so f* must be multiplication by dﬂ

For d < —1, f is homotopic to a reflection » composed with g_g4, since we know
that r has degree —1. (By a reflection, we mean a map that fixes a great circle S"~!
and interchanges the corresponding hemispheres.)

We claim that r* is multiplication by —1. The composition

hoogm 2R gy g IV, gn

is null-homotopic, since [r] is inverse to [idgn] in m,(S™). Thus, the induced map
h* is multiplication by 0, which implies (r V id)* sends z € E¥(S") to (—z,x) €
Ek(S™) x EF(S™). O

1.7 Stunted Projective Spaces

Real stunted projective spaces also plays an important role in the proof of the main
theorem.

Recall that we construct RP™ from RP"~! by attaching a single n-cell with a two-
to-one attaching map. Why? Define the relation z ~ y if x,y are antipodal points
on S™!. The inclusion of the boundary i : S"~! — D™ respects this relation. Thus,
i induces a map S""!/ ~= RP" ! — D"/ ~= RP". It is then possible to see that
attaching D" via the quotient map S"~1 — §771/ ~=RP""! gives RP" and this map
is two-to-one.

Therefore, we can view RP¥ as a subcomplex of RP"1* consisting of all the cells of
dimension at most k.

Definition 1.32. Given n and k positive, the real stunted projective space RPZ+k is
the quotient of RP"* by RPF~!

RPZ+]€ — RPn+k/RPk_1.

"Why is the constant map multiplication by 0?7 It factors through the space consisting of a single
point %, which has cohomology groups all 0, for all reduced (ordinary) cohomology theories.
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An analogous definition can be made for complex projective spaces.

As a CW complex, RPZ+k consists of one cell in dimensions 0 and k, k+1,....,k +n.
This justifies our notation. Moreover, we can include RP}" in RP} as a CW complex,
for m < n.

It is well known that the cohomology ring H*(RP";Zy) = Zs[a]/(a™!), where
|a| = 1. By viewing RPZH“ as a subcomplex of RP™t* it follows easily that

~ Zo ifk<p<n-+k,
AP(RPIHE Zy) = {72 B =P =T
0  otherwise.

A more general definition of stunted projective space:

Sometimes it will be convenient to have a more general definition of real stunted pro-
jective space.

Definition 1.33. Let n be non-negative and let £ be the canonical line bundle on RP".
Define RPZH“ to be the Thom space of k¢:

RPHF = Th(RP", k¢€).

The next proposition shows that this new definition is indeed a generalisation of
the previous definition.

Proposition 1.34. Forn and k positive, we have a homeomorphism RPZ+k >~ RP"tk /RPF1,
between the old and new definitions of stunted projective space. For n non-negative and
k=0, RP§ = RP".

Proof. The second statement is straightforward:
RP} = Th(RP",°) = D(e°)/S(e°) = RP" /) = RP".

(This statement holds in general: Th(X, %) = X,.)
To prove the first statement, recall that

ke = {(l,vl, ) ERPPL X R % X R™ |0y, ... v € z}.

Specifying a point (I, vy, ..., vx) € k€ is equivalent to giving a linear function f : [ —
R*. Why? Let b € [ € R**! be the point in I whose first non-zero co-ordinate (using
the standard basis on R"*!) is 1. Then we can write each v1, ..., v; as a scalar multiple
of b;. Denote these scalars by [vi]g,, ..., [Uk]g,. We can completely define f by

flb) = ([Ul]ﬂw i) [Uk]ﬂl) € R".

Conversely, given f : I — R¥, with f(b) = (c1, ..., cx) we get a point (I, c1by, ..., cxby) in
k€.

Now, any linear function f : I ¢ R™! — R* determines a graph in R x R*.
Consider the quotient space of R™*! x R* — {0} where we identify v ~ cv for all non-
zero ¢ € R. This quotient space is RP™**. Furthermore, every point in the graph of f
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in R"*! x R* is a scalar multiple of (b;, f(b;)). Thus, the graph of f determines a point
in RP"**. The only elements of RP"** that are not equal to such a graph are the lines
in R¥,

Therefore, k¢ is isomorphic to a vector bundle RP"¥ — RP¥~1 — RP™. Since RP"
is compact, Th(RP"** — RP¥~1) is the one point compactification RP"T*/RP*~1. [

1.8 Reducibility and Coreducibility

We have seen the definition of (co)reducibility of RP”_, in the introduction. In this
section, we will make these definitions more precise and we will state some equivalent
definitions. Intuitively, an n-dimensional CW complex is reducible if its top cell splits
off and it is coreducible if its bottom cell splits off.

1.8.1 Reducibility

Definition 1.35. Let X be a (n — 1)-dimensional CW complex and suppose Y is
constructed from X by attaching an n-cell via f: S"~! — X. (That is, Y = X U fén)
Let ¢ : Y — S™ be the map collapsing X to a point. We call this n-cell the top
cell of Y and we say that Y is reducible if there exists a map g : S — Y such that
post-composition with ¢

sy 4y gn

has degree 1.

Lemma 1.36. The space Y = X Uy e, is reducible if and only if f is null-homotopic.

Proof. The composite S" 2,y 4 97 has degree 1 if and only if the boundary of the
n-cell deformation retracts to a point. But the boundary of the n-cell is exactly the
attaching map f, so this is equivalent to saying that f is null-homotopic. O

There are a number of equivalent definitions, which will prove useful throughout
this thesis. We take Y to be RP}'_,, for n > k > 0, but these results hold generally as
well:

1. There is a map S™ — RP}'_, such that the composition S" — RP}_, 4,

RP)_, /RPZ:IIc > S" has degree 1, or equivalently, is homotopic to the identity.

2. There is a homotopy equivalence RP}_, ~ RPZ:}C Vv S™ which is the identity on
the subcomplex RPZ:}C.

3. The top cell of RP?_, has a trivial attaching map.

4. The top cell of RP™ has an attaching map factoring through the (n — k — 1)-
skeleton.
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1.8.2 Coreducibility

Definition 1.37. Let Y be a CW complex such that there is a single cell in dimension
n, and all cells (except perhaps the base point 0-cell) have dimension greater than n.
We call this n-cell the bottom cell and define ¢ : S < Y to be the inclusion map of this
cell. Then Y is coreducible if there exists a map f : Y — S™ such that pre-composition
with ¢

s by L g
has degree 1.

Analogous to reducibility, there are a number of equivalent definitions of coreducibil-
ity, stated in terms of RPZ+k , for n, k positive, but easily generalisable:

1. There is a map f : RPZH“ — S* such that the composition S* AN RPZ+k EN Sk

has degree 1, or equivalently, is homotopic to the identity.

2. There is a homotopy equivalence ]RPZJF]C ~ RP’,;‘ff v S* which is the identity on

n+k

the subcomplex RP; TV

3. For k < m < n + k, the attaching map of the m-cell of RPZH” factors through

RPZI{“. (It follows that the (k4 1)-dimension cell of RPZHC has a trivial attaching

map.)

1.9 Stiefel Manifolds
Let O(n) be the orthogonal group of degree n:

O(n) = {M € R(n) | M invertible with M ! = MT} ,
where R(n) is the algebra of n x n real matrices. There are fibre bundles

O(n—1) = O(n) & sn1
A Ael,

where e is the first standard basis vector of R”.
The fibres of these bundles are

where B € O(n — 1). By induction, O(n) looks like a twisted version of S x St x ... x
S™~1. We can generalise this construction to get twisted versions of S¥x §F+1x . xsn~1
for any k£ < n.
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Definition 1.38. The Stiefel manifold V,,; is the space of orthonormal k-frames in
R"™. In other words, it is the space of k-tuples of orthonormal vectors in R™.

The Stiefel manifold V;, ;. is a subspace of the product of k copies of the sphere
S7=1 1t is given the subspace topology. Therefore, it is compact, since the product of

spheres is compact.
Example 1.39. 1. V,; =51

2. Von = O(n), where the homeomorphism is given by

(V14 ey V) > (V1.0 € R(n).

We know that [vy..v,] € O(n) since a matric M is orthogonal if MTM =
MMT =1, or in other words, the rows and columns are orthonormal vectors.

There are fibre bundles

Vi1 k-1 — Vg — S"71

(1)1, ceey Uk) — U1
Then, by induction, V,, ; looks like a twisted version of Sk xSl

Lemma 1.40. Projection of the first vector of the k-tuple gives a fibre bundle €y :
Vi — S"1. Then 8"~ has k — 1 vector fields if and only if € : Vir — Sl admits
a section.

Proof. If we have k — 1 vector fields vy, ...,vp_1 then

S8 S Vg

z— (z,01(), ..., sp—1(x))

is a section of €;. Alternatively, from a section s(x) = (z,s1(x),...,sx_1(z)), we get
k — 1 vector fields s1, ..., Sp_1. ]

This lemma shows the importance of Stiefel manifolds to our problem of vector
fields. We care about the cases when k& = p(n) and k = p(n) + 1. Moreover, James’
reduction of the problem (Theorem follows by embedding a stunted projective
space within a Stiefel manifold as a sub-CW complex. To do this, we must study the
CW structure of Stiefel manifolds.

A CW Structure on the Stiefel Manifolds

This CW structure was first described in [24]. A good reference is [9), pages 294-302].

Recall that the special orthogonal group SO(n) is the subgroup of O(n) consisting
of matrices with determinant one. We will determine a CW structure on SO(n) and
then use this to induce a CW structure on V,, ;.



18 CHAPTER 1. PRELIMINARIES

First, define the map p : RP"™1 — SO(n) as follows. To each non-zero vector
v € R" write r(v) € O(n) for the reflection across the subspace orthogonal to v.
Since r(v) is a reflection, it has determinant —1. Composing with r(e,) gives an
element of SO(n). Since r(v)r(e,) only depends on the line spanned by v, the map
p([v]) = r(v)r(e,) is well defined.

We claim that p embeds RP""! as a subspace of SO(n). The map [v] — r(v) is an
injection of RP™~! into O(n) —SO(n), and composition with r(e,) is a homeomorphism
O(n) — SO(n) — SO(n). Thus, p is injective and since RP"~! is compact Hausdorff, p
is an embedding.

We can generalise p to a map from a product of projective spaces RP™ x ... x
RP'™ to SO(n) where each i; < n. Let I = (iy,...,im). Given [vj] € RP%, consider
it as an element of RP"~! and apply p. Then let ps(v1,...,v) be the composition
p(v1) - p(vm).

Now the cells of RP! = RP x ... x RP* are simply the product of cells in each of
RP%. Moreover, if ¢' : D' — RP? is the standard characteristic map of the top cell of
RP?, the product ¢! : D! = Dt x ... x D' — RP! is a characteristic map of the top
cell of RP!. (Note D™t x ... x D' is a disk of dimension iy + ... + ip,.)

Let a (possibly empty) sequence I = (i1, ...,%,,) be admissable if n > i3 > ... >
im > 0. Hatcher shows that the set of maps p’¢! : D! — SO(n), with I admissable,
are the characteristic maps of a CW structure on SO(n) [9, Proposition 3D.1]. For
non-empty I, the cells e/ = ¢t ---¢e'm are products (via the group operation in SO(n))
of the cells ¢/ € RP* ¢ RP""! embedded in SO(n) by p. Thus, SO(n) consists of a
single 0-cell, corresponding to the empty sequence, and one cell for each admissable
sequence I = (i, ...,%,,) of dimension i; + ... + i,,. Finally, Hatcher also shows that
Pln—1,n—2,..,1) RP"! x ... x RP! — SO(n) is cellular — a fact that will be useful later
in the following subsection.

We can understand this result in the following way. Since there is a fibre bundle
SO(n —1) = SO(n) & $"1 with p(A) = Ae;, we know SO(n) can be considered as
a twisted product S™ 1 x 8772 x ... x S1.

Then for each admissable sequence n > ¢ > ... > i, > 0, we choose the top cells of
S, ..., 8% and the 0-cell of the other spheres. We combine these cells to get a cell of
Sl x §n=2 x ... x S'. By ranging over all admissable sequences, we get all the cells
of 771 x 8772 x ... x S'. Given that SO(n) is a twisted product of these spheres, it
is intuitive that it has the same cells.

Now we will use this result to determine a CW structure on the Stiefel manifold.
There is a natural projection p : O(n) — V,, i, sending a € O(n) to the last k£ columns
of a. Similarly, there is a projection p’ : SO(n) — V, ;. If K < n, then given an
orthonormal k-frame (vy,...,vx), we can always find vectors wy, ..., w,_j such that the
matrix with columns wq, ..., w,_g, v1, ..., vy is special orthogonal. Thus, p’ is surjective
if k& < n. In this case, V,,, can be viewed as the coset space SO(n)/SO(n — k), with
the quotient topology from SO(n). This is the same as the topology previously defined
on V,, i, since p’ is a surjection between compact Hausdorff spaces.

We claim that the cells of V;, ; are the sets of the form e/ SO(n—k) = €% - - - ¢ SO (n—
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k) for n > i1 > ... > i, > n — k, along with the coset SO(n — k) as the 0-cell of V, .
These sets are the unions of cells in SO(n) and moreover, every cell in SO(n) is con-
tained in exactly one of these sets. This implies that V;, ;, is the disjoint union of these
sets. The dimension of a cell of the form e/ SO(n — k) is 41 + ... + ip,. Then if a cell
in SO(n) is contained in e/SO(n — k), its boundary is contained in cells of lower di-
mensions. This implies that the boundary of our proposed cells of V,, ,, are contained
in some proposed cells of lower dimension. Thus, we have a CW structure on V,, ;.

The takeaway here is that there is a CW structure on V,, ;, which consists of one
zero cell, and a cell e! for every tuple I = (i1, ...,4m,) With n > i1 > ... > i, > n — k of
dimension 41 + ... + ip,.

1.9.1 James’ Results on Stiefel Manifolds

We are now in a position to prove the results on Stiefel manifolds necessary for our
vector fields problem. These results are due to James, proved in further generality in
section 3 of [I4] and section 8 of [13].

Proposition 1.41. The CW structure on V,, . given above admits RPZ:}c as the 2(n —
k)-skeleton. Hence, RP"~} is the (n — 1)-skeleton if 2k — 1 < n.

1

Proof. Suppose e’ is a cell with I = (i1) of length 1. We showed in the previous

subsection that e is homeomorphic to the image of the i;-cell of RP™*~! under the map
RP" 1 2 S(n) L S(n)/SO(n — k) = Vg

This map collapses RP**~! to a point, while every cell of ]RPZ:;€ is mapped homeo-
morphically onto some e! with I length 1. Thus, RP%:}C is a subcomplex of V}, 1.

If e is a cell of Vo with I of length at least 2, then el has dimension at least
2n — 2k + 1. Thus, the cells e/ with I length 1, along with the zero cell, account for
all of the (2n — 2k)-skeleton. But each e/ with I = (i1) of length 1 is the image under
P(n—1) of the i cell of RPZ:}( Thus, RP%:}C is the 2(n — k)-skeleton.

If 2k — 1 < n, then n — 1 < 2(n — k). In this case, there are no cells in V;,  of
dimension d for 2(n — k) < d < n — 1. Thus, RP"”, is the (n — 1)-skeleton of Vj, 5. O

Let ¢ : RPZ:}C ~ Vp i be the map including RPZ:,lg as a subcomplex. Note that
p(l) fixes the hyperplane perpendicular to the plane spanned by [ and e,,, while p(l) is
a rotation of the plane spanned by [ and e,. Let ¢ : SO(n) — S™~! be evaluation at
e1. Then €;p(l) = e; for any line [ perpendicular to e;. Thus the diagram

SO(n)

RPr—1 q RPn—l/RPn—Q o~ gn—1
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is commutative. It follows that

Vn,k
b
mPZL 1 RS /RP 2 5

also commutes.

Corollary 1.42. Suppose that n —1 < 2(n — k). There is a section of Vi — S™1 if
and only if RPZ:i is reducible.

Proof. “«<”: Suppose there is a map f : S"! — RPZ:}C as in the definition of re-
ducibility. Then there is a homotopy F : I x S"~1 — S"~! between the identity and

qf = ewf:
Fy=¢ptf and F} = idgn-1.

Therefore, we have a commutative square

gn—1 uf mG

{o}xsnfll lel

Ixgn—t £, gn—1

So we are in a position to apply the homotopy lifting property for ¢;. This property
guarantees a homotopy F : I x S"~1 — V,  lifting F. By restricting to S"~! x {1},
we get

Vn,k
2
€1
Sn—l id Sn—l )

So ﬁl is the desired section.

“=7”: Suppose there is a map s : S"7 1 — Vi such that €15 = idgn-1. We can
always find a homotopic map f which maps into the (n — 1)-skeleton of V. So
€1f ~idgn-1. But the (n — 1)-skeleton is RPZ:}C by the previous proposition. Thus we
can consider f as a map S~ ! — RPZ:}C such that

fq= freg >~ idgn-1.

O]

This corollary makes the connection between the existence of vector fields and
reducibility of stunted projective spaces.
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1.10 K Theory as a Cohomology Theory

In this section, we will define functors [?]%1 : CW, — Ab that form a reduced cohomol-
ogy theory. We set the 0-th functor to be the reduced K theory already defined. Then,
we will show that complex K theory is two periodic and real K theory eight periodic.
This will lead to the natural definitions

Ke(X)  if nis even,

KiX)={ _
ey Ke(2X) if nis odd,

and
Kg(X) = Kr(2"X),

where 7 is the remainder of —n divided by 8.

1.10.1 Bott Periodicity
Theorem 1.43 [10, Theorem 2.11]. Complex K theory is 2-periodic:
Ke(2°X) = Ke(X),

for all compact Hausdorff spaces X .

This is a deep result and we will omit its proof. A corollary, also found in [10], is
the case when X = S§™:

Corollary 1.44. The complex K theory of spheres is

~ Z if n even,

Kc(S™) =
c(5%) 0 ifn odd.

Also, I?@(SQ) is generated by n — €', where n be that canonical line bunlde on
CP! = 52

Theorem 1.45 [4]. Real K theory is 8-periodic:
Kg(2*X) = Kg(X),
for all compact Hausdorff spaces X.
Again, we omit the proof of this result.

Proposition 1.46. There is an isomorphism between the homotopy classes of the in-
finite orthogonal group O and the real K theory of spheres:

O = Kr(S™).

Thus,
n = 0 1 2 3 4 5 6 7 mod 8
Kp(S™) = Z ZJ/2 Z/2 0 Z 0 0 0
™m0 = 7ZJ2 Z/2 0 Z 0 0 0 Z
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Proof sketch. We know that 7,0 = m,,O(i) for i sufficiently large by examining the long
exact sequence associated with the fibre bundle. Moreover, m,GL;(R) is in bijection
with Vecth (S™1) [I0, Proposition 1.11]. Since GL;(R) deformation retracts to O(4)
via the Gram-Schmidt orthogonalisation process, we have that m, GL;(R) = m,0(i).
On the other hand, a class o € Kg(S™1) is represented by [E] — [¢]] where E €
Vecth (S™+1). This gives a bijection between Kg(S™) and Vecth (S™1). So there is
a bijection m,0(i) — Kgr(S™*1). It turns out that it is in fact an isomorphism. O

1.11 Adams Operations

Theorem 1.47. There exist ring homomorphism W& : Kp(X) — Kp(X) defined for
all compact Hausdorff spaces X and integers k, which satisfy

1. naturality: \Ilﬁ‘j-f* = f*\IlI];,
2. WE(L) = L¥, for L a line bundlﬁﬂ
3. ko wl = wki
4. U8 (a) = o mod p, for p prime, and
5. commutativity of the square
ok

Kr(X) —— Kg(X)

\Ifk
Ke(X) —— Ke(X).

The ring homomorphisms \I/I’; are called Adams operations. Their existence is a well
known result, so we will omit the proof. See for example [I0, Theorem 2.20] for the
complex Adams operations and [I, Theorem 5.1] for the general case.

Corollary 1.48. The Adams operations on even dimension spheres

Uk Ke(5%7) — Kc(52%9), (for arbitrary q)
Uk Kp(5%9) — Kp(S%7), (for q even)
are given by
UE(k) = k%,

Proof. We first prove the complex case by induction on gq. The real case will then
follow. In the case ¢ = 1, we know that

Ke(S%) = Z{n — €'}

Since line bundles are invertible, this also makes sense for k < 0.
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where 7 is the canonical line bundle on CP! = $2, and moreover (n — €!)? = 0. Write
1 for €', the multiplicative identity in Kp(X). Then

UE(n—1) = Wg(n) — (1) =" -1
by property 2 of Theorem But
W —l=mn—-14+DF—1=14k(n—-1)—1=Fk@n-1).

since (n — 1)% = 0.
In the step case, we use Bott periodicity K¢(5%912) = K¢ (5?) ® Kc(S%7). Suppose
x € Kc(S??) 2 Z is a generator. Then (n — 1) ® x generates K¢(S?772) = Z and

Wk ((n—1) ® ) = h(n— 1) @ ki

by the induction hypothesis. Since k(n—1)®k%r = k97! (n—1) ® x, we have the result.
Recall the complexification map ¢ and the injection r from subsection [1.3.2] To
prove the real case, we first observe that rc sends a vector bundle E to E ® E, so

7= Kg(S%) 5 Ke(5%7) 5 Kg(S%) = 7Z

is multiplication by 2. Then the complexification map c is non-zero and therefore it is
multiplication by some non-zero integer. Since ¢ commutes with the Adam’s operations

(property 5 of Theorem [1.47]), the real case follows. O
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Chapter 2

Constructing Vector Fields

In this chapter, we will determine a lower bound on the number of (non-vanishing,
linearly independent tangent) vector fields on the (n — 1)-sphere S™~L.

Definition 2.1. A k-field is an ordered set of k£ point-wise orthonormal vector fields.
A k-frame is an orthonormal set of k vectors.

Using the Gram-Schmidt process, we can construct a k-field from an ordered set
of k point-wise linearly independent vector fields. Therefore, our problem of finding &
linearly independent vector fields is equivalent to finding a k-field.

Let K(n) be the maximal k such that there exists a k-field on S"~!. We will
construct a lower bound on K (n).

2.1 Clifford Algebras

Definition 2.2. Define C,j to be the free, associative R-algebra with generators ey, ..., eg
and relations
e? = —1for all i, e;ej +eje; =0 for all ¢ # j.

Define C} to be the free, associative R-algebra with generators e, ..., e; and rela-
tions
e? =1 for all i, eie; +eje; = 0 for all 4 # j.

Proposition 2.3. We have the following R-algebra isomorphisms:
1. Cf =C,
2. Cf > H,

3. Cf 2R R[]

tThe direct sum of algebras X and Y over a field F is their direct sum as vector spaces, with
multiplication defined by
(1, y1) (22, ¥2) = (2122, Y1y2).
Thus, R @ R is an algebra over R.

25
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4 G =2R(),
where F(n) is the algebra of n x n matrices over F.

Proof. 1. Cf is 2-dimensional with e? = —1. An arbitrary element of Cfr can be
written in the form a + bey for a,b € R. Thus, we have an isomorphism

cif —=—c,

a+be; —— a + bi.

2. Oy is 4-dimensional with basis {1, e1, e2, e1e2}. Define ¢ : C3 — H on this basis

¢(1) =1, ¢(61) =1, d)(e?) =7, ¢(6162) =k,

and extend linearly. To check that this is an algebra homomorphism, we compute:

p(e}) = p(—1) = =1 = i* = p(e1)P(e1), d(e3) = p(—1) = =1 = j* = p(e2)p(e),
plerer) =k =1ij = ¢(e1)p(e2), P(eze1) = ¢p(—ere2) = —k = —ij = ji = ¢(e2)P(er).

Note that all of the relations in H are satisfied in C;r and ¢ is bijective.

3. Again, we can write an arbitrary element of C|” of the form a+be; where a,b € R
and e? = 1. Define

i ———— RaR
a+bey — (a+b,a—0b)

It is straightforward to check that this is an algebra isomorphism.

4. C; is 4-dimensional with basis {1,e1,e2,e1e2}. Define ¢ : C; — R(2) on this
basis

¢m=k§]mmzk_ﬂ ww=ﬁé}¢@@:plﬂ

and extend linearly. To check that this is an algebra homomorphism, we compute:

m@:whﬁ ﬂzk ! é_ﬂzwwm»
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The homomorphism ¢ has trivial kernel. Also, ¢ is surjective since

[CCL Z] =¢ (a+ (d—a)er + bes + (c — b)eres) . -

Theorem 2.4. For all k > 0,
1. Cl,=Cr 0
2. Cp,=2CleCy.

Proof. Let {e;}*2 be a basis for Ciy- Let {€j}F_| be the generators of C; and {ef, e}

the generators of C5 . Define an R-module homomorphism u : G}, — C;7 ® C5f by

1®e! ifi=1,2,

"1

u(e;) =
(e / therwi
€;,_o @ ejey otherwise,

and extend linearly. It is straightforward to check that u obeys the relations of C’]j Lo

u(e;)? = —1 and u(e;)u/(ej) = —u(ej)u(e;) for i # j.

So u is well defined. This also shows that u is an algebra homomorphism.

We will show that u is an isomorphism. Notice that u sends distinct basis elements
to distinct basis elements. It follows that u is injective. The dimensions of C’,j 4o and
C, ® CQJr are equal. Thus, v is an isomorphism.

The second half of the theorem follows similarly: define v : RF*2 — C’Ij ® Cy by

1®e” ifi=1,2,
/U(ei) - / ' /N :
€;_9 @ ejey otherwise,
where {e;}}72 is a basis for RF2, {e/}F_| are the generators of C;" and {e/, ey} the
generators of C5 . By analogous working to the first half, we can show v extends to an
isomorphism from C}_,. O

Corollary 2.5. For all k > 0,
1. CI;:-AL = Clj ®CZ—7
2. Cry 2 Cr ®Cy.
Proof. Apply Theorem [2.4] twice:
Ciia = Cp @0y 2O 0y ®Cy 20 .

The second case follows analogously. O

'If X and Y are F-algebras then X ® Y is the tensor product of X and Y as vector spaces with
multiplication defined by
(21 @ y1)(z2 ® Y2) = 2172 R Y1Y2,
and then extended linearly to all elements of X ® Y.
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By inspection, we can determine

1. Cf 2Cand Cf XRoOR,

2. Cf @ H and C; 2 R(2).

Then the following corollary is immediate.

Corollary 2.6. Cf = H® R(2) = H(2).

Corollary 2.7. For all k > 0,

1. Cf g = Cf ®@R(16),

2. Cp g &=

~ O @ R(16).

Proof. Apply corollary twice:

+
Ok+8

Now use corollary [2.6}

CieCfeoCl 2CoHeR(2) ® Ho R(2)

The second case follows analogously.

>l eCf=2CleCf ®Cf.

~ CF @ R(16).

From these results we obtain the following table of Clifford algebras:

k Cyr Cy

1 C ReR

2 H R(2)

3 HeRoR)=HoH CoR(2) = C(2)

1 H® R(2) = H(2) H® R(2) = H(2)

5 H(2) ® C = C(4) H(2) @ (R®R) = H(2) ® H(2)
6 H(2) ® H = R(8) H(2) ® R(2) = H(4)

7 | H(2) ® (He H) = R(8) & R(8) H(2) @ C(2) = C(8)

8 R(16) R(16)

2.2 Constructing Vector Fields

Recall that given n € Nsg, we write n = (2a + 1)2° and b =
p(n) = 8d + 2°¢. In this section, we will construct p(n) — 1 vector fields on S~ 1.

Proposition 2.8. For an n-dimensional representation V. of C;,

V)~ S"_llﬂ

admits a k-field. A (k+ 1)-frame for x € S(V) is {z, ez, ...,

epr}.

¢ + 4d and define

TGiven an arbitrary (non-metrisable) real vector space V, the sphere of V' is the quotient subspace

S(V):= (Vv —{0}) /(xw Az for all A > 0)-
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Proof. Firstly, redefine the inner product (—|—) on V so it is invariant under the C;"
action by averaging over the action. Now, verify that x is perpendicular to e;z:

(x|esx) = (ejxleje;x) = (ejx| — x) = —(x|e;x),

which implies (z|e;z) = 0.
Next, verify that e;z is perpendicular to e;x for i # j:

(eixlejz) = (eejeix|ejejejx) = <—€j61213,6i632»93> = (ejz| — e;x) = —(e;xlejx),

and so (e;z|ejz) = 0 as required. This shows that {z, ez, ...,exx} is a (k + 1)-frame.
From this we build the the k-field easily. O

Proposition 2.9 (Periodicity). If C; has an n-dimensional representation then C’,LB
has a 16n-dimensional representation. Moreover, if ay is the minimum dimension of a
representation of 0:7 then apys = 16ag.

Proof. Notice that C,j is a matrix algebra. C,:ZFS is an algebra with matrices a factor
of 16 larger than the size of the matrices in C’,j. Thus, any module of C’,:r g must have
dimension equal to the product of 16 and the dimension of a module of C]j . O

Proposition 2.10. The minimum dimension of a representation of C’: fork=0,..,8
are given in the table below.

ko 1 2 3 4 5 6 7 8
Ci|R C H HoeH H(2) C@4) R@B) R@B)aR(@®) R(16)
ap | 12 4 4 8 8 8 8 16

Corollary 2.11. The minimum dimension ay is a power of 2 for all k. Moreover,
{ak }ken are all the powers of 2.

Proof. Using Proposition we can verify the first half for £ = 0,...,7. Then, use
the periodicity agys = 16a to prove for all k.
For the second half, note that

ap=1, a1 =2, ax=4, a4=28.
Thus, 229t = ag,.y, for a,b € N, with 0 < b < 3. O
Lemma 2.12. If S ! admits a k-field then S™~' admits a k-field, for all ¢ € Nxg.

Proof. Let vy, ...,v, : S*™1 — S7~! be pointwise orthonormal vector fields. Consider
Sm4~1 as the join of ¢ spheres S"~1: choose some ar, ..., o > 0 such that 22:1 oz? =1
For z € S™~1 write
r = (121, ..., gTq),
where z; € "1
Define v} : $"4~1 — R"~1 by

v; (121, .y agg) = (10i(21), ..., Ui (2g)).-
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Compute
(x|v] (x Za (xjlvi(z5))
q 2 . .
I as=1 ifh=1,
(v (z Za vp(x))|vi(zj)) = J=17 .
0 otherwise.
Thus, v, ..., v}, is a k-field on Sna—1 O

Theorem 2.13. We have the following lower bound on the number of vector fields of
Snfl..
K(n) > p(n) — 1.

Proof. Fix n. Write n = (2a + 1)2° = (2a + 1)2°16? for 0 < ¢ < 3. By Lemma [2.12] it
suffices to show that S2° — 1 admits p(n) — 1 vector fields. Since p(n) = p(2°), this is
equivalent to proving K (2°) > p(2°) — 1.

By Corollary there exists some k such that 2° = a;. Choose the maximal such
k. Then K (2°) > k. We will show that k = p(2°) — 1.

Write k = 8¢ + r where 0 < r < 7. Then a; = 16%a, by Proposition It follows
q = d and a, = 2¢ since a, < 8 by inspection of Proposition [2.10l Thus, k = 8d + 7.
Since we chose k maximal such that a; = 2°, we know that r is maximal such that
a, = 2° Again using Proposition 2.10] we get the following table which shows that
r=2°—1.
2C

W NN = OO
o = DN =
N W = O

Thus, k = 8d +2¢ — 1 = p(2°) — 1. O



Chapter 3

Steenrod Squares and the Proof
of a Special Case

In this chapter, we prove the upper bound on vector fields for the special case where
n %0 mod 16:

Theorem 3.1. Write n = (2a + 1)2° and b = c + 4d. The sphere S"~1 cannot have
p(n) vector fields when d = 0.

This was first done in [21I] by Steenrod and Whitehead. To prove this case, they
used properties of the Steenrod squares.

3.1 Steenrod Algebras and Squares

Steenrod squares are cohomology operations Sq’ : H"(X;Zs) — H" (X ;Zs), defined
as the generators of a certain algebra, the mod 2 Steenrod algebra.

Definition 3.2. A cohomology operation is a natural transformation:
®: H'(—; A) — H/(—; B).

Theorem 3.3. The cohomology operations ® : H'(—; A) — H’(—; B) are parametrised

by
HI(K(A,i); B),

where K(A,1i) is the Filenberg-MacLane space. (That is, there is a one to one corre-

spondence between the cohomology operations and elements of HI(K(A,i); B).)

Proof sketch. We can define cohomology as H?(X; B) = [X, K (B, j)]. So we can think
of a € HI(K(A,i); B) as a map K(A,i) — K(B,j). Then define

o H(X;A) —» H/(X;B)

faof

31
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by postcomposition with a. We omit the proof that this is well defined (that is, it
doesn’t depend on the choice of representative for o) and that it is natural.
Conversely, given ® : H'(—; A) — H(—; B), we get

id — «.
These two functions are inverses. O

Example 3.4. The cup square is a cohomology operation.

Example 3.5. The only cohomology operations H'(—; Q) — H’(—; Q) come from it-
erated cup product. Why? It is possible to calculate H*(K(Q,1);Q), using spectral
sequences, as the free graded-commutative algebra over Q with one generator. Then
Theorem [3.3 tells us that all cohomology operations come from this algebra.

Definition 3.6. A stable sequence of cohomology operations of degree d is a set of
cohomology operations {®; : Hi(—; A) — H'T%(—; B)};cz that commutes with the
suspension isomorphism: i.e. the square

Hi(X; A) —2 5 Hitd(X; B)

i':“ I

HHY (X, A) 25 gitdtl (s X, B)
cominutes.

Note that {®;};cz is often called, confusingly, a stable cohomology operation. We
use the name ‘sequence’ to make apparent that it is a sequence of cohomology opera-
tions.

Example 3.7. Given the short exact sequence 0 — Zj 2, Lp2 — Ly — 0 where the
map p is multiplication by p, we get a short exact sequence of chain complexes and
therefore a long exact sequence of cohomology

o H(X;Zy) = HA(X; Z2) — H(X;Zy) D HTY(X;Z,) > ...
The boundary maps, called Bockstein homomorphisms,
B+ H'(=Z/p) — H' (= Z/p)
form a stable sequence of cohomology operations.

Example 3.8. Using Example we see that the only stable sequence of operations
between cohomologies with rational coefficients is the zero sequence, since the cup square
is not stable.

Definition 3.9. The mod p Steenrod algebra <7, is the Z /p-algebra of stable cohomol-
ogy operations from H*(—;Z/p) to itself.
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Multiplication of the algebra is defined to be function composition of the two se-
quences’ components. Addition and scalar multiplication of the algebra are defined in
the obvious way.

We will focus on the p = 2 case from here on.

Theorem 3.10. For p = 2, 47, is generated by
Sq : H*(—;Z/2) — H*"(—;Z/2),

for i > 1, subject to the Adém relations:

for a < 2b.

Proof idea. Use the Serre spectral sequence to compute H*(K(Z/2,n);Z/2) by induc-
tion on n. O

Example 3.11. 1. S =id,
2. Sq' Sq' =0,
3. Sq' Sq? = S¢?,
4. 84*Sq® = Sq’ Sq',
5. Sq%Sq® = Sq° +Sq* Sq'.

Proposition 3.12. The Steenrod squares Sq* : H"(X;Z/2) — H"(X;Z/2),i > 0,
satisfy the following list of properties:

1. naturality: Sq* (f*(a)) = f* (Sqi(a)) for f: X =Y,
2. additivity: Sq*(a + ) = Sq’ a + Sq° 3,
3. the Cartan formula: Sq'(a — B) = Zj Sq’ o — Sq* 7 3,

4. Sq" (Za) =% (Sqi a) where ¥ : H"(X;7/2) — H""Y(X;7/2) is the suspension

isomorphism,
5. 8q'a=a?ifi=|al and Sq' a =0 if i >|al,

6. Sqt is the Z./2 Bockstein homomorphism [3 associated with the coefficient sequence
0—2Z/2—7Z/4A—1Z]/2—0.

We omit the proof. See section 4.L of [9].
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3.2 Steenrod Squares in Projective Spaces

This results in this section is from [2I]. In this section, we examine the behaviour
of the Steenrod squares on projective spaces. In the next section, we will show these
properties imply that S™~! cannot have p(n) vector fields when d = 0, thus proving
Theorem [B.11

We know that the cohomology ring H*(RP™;Zs) =2 Zsla]/(a™ 1), where || = 1
and o/ is the generator of H7 (RP™; Zs).

Theorem 3.13. If0 <i < j and i+ j <n, then Sg'a? = (})a'™ € Zs[a]/(a ).

Proof. The case j = 1 is straightforward: Sq’a = @ and Sq' @ = o — «, since|a| = 1.
Proceed by induction on j. Using the Cartan formula,

i
Sqiozj:Sqi(avoﬂ"l):Zquaqui’ka =S¢"a — Sq /" 14+Sqt a — Sqt Tt ad 7,
k=0

since Sq* u = 0 if k > |u|. Then the induction hypothesis gives us that

Sq’a —Sq' o/ +8q' a — Sq" ol = <(1)>a - <j . 1> Qiti=l 4 G) a? <‘7 a i) iti2
i i

= 71 + i1 ot = J e ar O
) 1—1 )
Lemma 3.14. Let i = > 1" jax2* and j = "1 bi2¥ be the binary expansions of i

and j. (So ax and by are all 0 or 1.) The binomial coefficient (z) =1 mod 2 if and
only if a, = 1 implies by, = 1 for all k.

Proof. Note that (JZ) is the coefficient of u’ in the expansion of (1 4+ u)?. Calculation
mod 2, (1+u)? = 1+ u? and consequently (1 + u)2" =1+ u2". Therefore,

m m

(1+u) = T+ =T+ bxu®). (3.1)

k=0 k=0

Let ki, ..., k be those values of k for which a, = 1. Then v/ = w2 2™ and so the
coefficient of v’ in equation is by, ...bg, by the uniqueness of the binary expansion.
Thus, (JZ) = by ---bk, =1 mod 2 if and only if by, ..., bg, are all 1. O

Theorem 3.15. If n = (2a + 1)2° with a > 0 then in RP"~! we have
Sq2b a2l = o1 gpd SqP "It =0 for 0 < j < 2°.

Proof. To prove the first assertion, note that 2° is a non-zero term of the binary ex-
pansion of n — 1 — 2° since

n—1-20=2"1g -1 =21 _ 142" Z2’+2”+1 1).
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Then Lemma implies ("_;b_ 217) =1 mod 2 and Theorem gives us that qub an1-2" =
a™ L

To prove the second statement, suppose j = 2°(2t + 1) where 0 < s < b. Then we
know the coefficient of 2° in the binary expansion of j is 1. (Why? If j = > ;2" is
the binary expansion of j, then a; = 0 for all i < s. It follows that as = 0 implies 2511

divides j. So as must be 1.) Since

b—1
n—1=2"—1+4+2"""a=Y) 242",
i=0
the coefficient of 2° in the binary expansion n — 1 is 1. Thus, the coefficient of 2° in
the binary expansion of n — j — 1 is 0. Lemma implies ("_5_1) =0 mod 2 and
Theorem [3.13| gives the required result. O

3.3 Proving the special case

The following is a simplified version of Steenrod and Whitehead’s original proof, adapted
from [9, page 494].

Proof. When a = 0, the result is trivially true. In this case, n = 2% and p(n) = 2°. It
is not possible to have 2° orthogonal vectors tangent to a point in 52"=1 = R2" _ there
simply are not enough dimensions. Therefore, we can assume a > 0. Let k = p(n) + 1.

Suppose we have k — 1 vector fields on S"~!. By Lemma equivalently suppose
we have section f: S"" ! — Vi i of the bundle p : V;, j, — S"~1 Then

H' NS Zy) L HY N (Vg Z2) L5 HYH(S577 5 Z0)

is the identity. It follows that f* is surjective. We can always deform f to be a cellular
map and then its image will be contained in the (n — 1)-skeleton of V;, 4.

We know that 2k — 1 = 2p(n) + 1 = 27! +1 < n. So Proposition tells us that
the (n — 1)-skeleton of V,, , is RPZ:}( Thus, by deforming f if necessary, we obtain a
map g: " — ]RPZ:}€ with

P‘anfl
n—

st S RPRT, — g

the identity. Then g* is surjective on H" !(—;Zs). Since

H" Y (RP!'; Zo) = H" (S Zo) 2 Zo,

n—=k’
it follows that g* is an isomorphism on H"™!.
Now, the inclusion 7 : RPZ:}C — RP"! induces an isomorphism on H" !(—;Zs).
Thus, g*i* : H" 1 (RP"!; Zs) =N H"1(8""1:7Z,) is an isomorphism.
By Theorem [3.15] we know that

SqF !t HYRRPY T Zy) — HH(RP™ Zy)
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is non-zero. But
qu—l :Hn—k<sn—1;Z2> N Hn_l(Sn_l;ZQ)

is obviously zero. We then have a contradiction by using the naturality of Steenrod
squares. Specifically, we know that ¢*i* Sq* ™! a" % = g*i*a”~1 # 0, where a*~* is the
generator of H" *(RP"1; Zy). But Sq*~! g*i*a™~* must be 0. O

If we replaced k = 2¢ + 1 with j < 2¢ then
S~ H" I (RP" Y5 Zy) — H* H(RP" 15 Zy),
a7 0,

by Theorem and so we would no longer gain a contradiction. This shows that the
upper bound of 2¢ on the number of vector fields is the best possible provided by this
argument. So this argument can only prove that p(n) is the upper bound when d = 0.
We need more sophisticated tools (i.e. K-theory) to prove the general case.



Chapter 4

The Stable Homotopy Category

We are now at the point where we need to develop some significant amount of the-
ory before we can make more progress on our vector fields problem. The next three
chapters—on the stable homotopy category, duality and spectral sequences—may seem
to be a detour, but they have important applications to our task, as well as many other
areas of algebraic topology.

In this chapter, we will introduce the stable homotopy category. There are a number
of constructions of the stable homotopy category. All these constructions first build a
category of objects, called spectra. Then they replace the morphisms in this category
with some notion of homotopy classes of maps. The resulting category is called the
stable homotopy category Ho(Spectra). These constructions are analogous to defining
the category CW of CW complexes and then using this to construct the category
Ho(CW) of CW complexes with homotopy classes of maps.

All of these constructions result in equivalent categories. So we can talk about the
stable homotopy category.

We will primarily present the historical construction, given first by Boardman [23]@
While the stable homotopy category enjoys a symmetric smash product, Boardman’s
category of spectra does not. It was only in 1997 when a category of spectra with a
symmetric smash product was discovered by Elmendorf, Kriz, Mandell and May [7].
We will briefly present the category of symmetric spectra, first given in [12], to highlight
the advantages of these modern spectra.

As indicated by the name, the stable homotopy category is the natural environment
for stable homotopy theory. One advantage is that the suspension functor

Y : Ho(Spectra) — Ho(Spectra)

is an equivalence, as we shall prove later. So we can invert suspensions and consequently
many phenomenon are stable under suspension in Ho(Spectra). Suspension on topo-
logical spaces is not so well behaved. In this sense, Ho(Spectra) is the ‘stabilisation’
of the classical homotopy category Ho(Top).

"However, Adams attributes the notion of spectra to Lima (in [I7]) and G. W. Whitehead [2, p.
131]

37
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In this chapter, we assume every space is locally compact Hausdorff.

4.1 Boardman’s spectra

4.1.1 Definitions

Definition 4.1. A (Boardman) spectrum E is a sequence {E,} of based spaces (called
components) with structure maps

Op i SEy — Epy1.

The index n may vary over Z or N. We will show later that the choice does not
matter. Usually, we will index by N.

Definition 4.2. For a based space (X, zg), the loopspace QX is the space of loops
in X based at z¢ (that is, the space of based maps (S!,s0) — (X,)), with the
compact-open topology. The constant loop is taken as the basepoint of Q.X.

Define 20X to be the connected component of X containing the basepoint.

By loopspace-suspension adjunction, we can write the structure maps in the form
ol By — QFE, 1.

Definition 4.3. A spectrum E is an Q-spectrum (or omega-spectrum) if o}, : E, —
QO F, .1 is a weak equivalence for all n. If, in addition, all the components are connected,
then o, maps F, into QyE,+1 and E is an Qq-spectrum.

Example 4.4. Given a space X, we can form a spectrum %°° X with components
(X)), =3"X

for n € N. The structure maps are simply the identity. We call X°°X the suspension
spectrum of X. In particular, ©°S° is the sphere spectrum and X°°x is the spectrum
where every component is a point *.

From here on, we will often denote 3*°X by X as well, when the meaning is clear
from the context.
We define the wedge sum of spectra componentwise:

Definition 4.5. The wedge sum of spectra E and E’ is the spectrum E V E’ with
spaces
(EVE),:=E,VE,.

Since X(X VY) 2 ¥ X VXY, for spaces X and Y, the structure maps are simply

E E'
o, Vo, .
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Definition 4.6. A map of spectra f : E — E', of degree 0, is a sequence of maps
fn: En — E/, making
YE, — Enp1

Efnl lfm

SE, — E,

commute.
A map of spectra f : E — E' of degree r is a sequence of maps f, : E, — E|,_,
making the analogous diagram commute.

This is not very well behaved. We demonstrate this with the following example.
Define the sphere spectrum S with S,, = S™ and o, = idgn+1.
Define a modified version S’ of the sphere spectrum with

S ifn > nyg
S = ’

* if n < ny,

for some constant ng. The structure maps are trivial

id .
* 5 % if n <mng—1,
t .
Op =14 % = S0t ifp =py—1,

S — ST if n > ng.

We have an obvious map f : S’ — S. For n < ng, f, : *x — S™ is the trivial map
and f, : S — S is the identity for n > ng. This is indeed a map of spectra since

S8y =% —— S = "0

fno_ll l‘d

58y 1 = S0 ———— Sno

commutes.
But if we want a map g : S — S’, we need that

S0 = %8, 4 —9s G, = §no

Egno - ll J/gno

/ _ tr ! _ Qno
¥Sh, =% — Sp, =8

commutes. This implies that g,, must be trivial. By induction g, must be trivial for
all n > ng.

So we have a good map f : S" — S which induces an isomorphism on homotopy
groups. (Later, we will define the homotopy groups of a spectrum F as m.(F) :=
colimy, o0 TrinEyn. In particular, the homotopy groups of S and S’ are just the stable
homotopy groups of spheres.) We would then like f to have some sort of inverse, since
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in the category of CW complexes, we have this propertyﬂ But the only map S — S’ is
the trivial map, as we have seen.

4.1.2 Constructing the Stable Homotopy Category

So if we want the induced stable homotopy category to behave well, it will take a bit of
work to develop a good definition of homotopy classes of maps. First, we restrict our
attention to CW spectra.

Definition 4.7. A spectrum FE is a CW spectrum if each component F, is a based
CW-complex and each structure map o, : XFE, — F,y1 is a homeomorphism from
Y. E, to a subcomplex of E, 1.

Unsurprisingly, the connection between CW spectra and CW spaces is deep. Through-
out this section, we will see that many of the nice properties of CW spaces carry over
to spectra.

Definition 4.8. A subspectrum A of a CW spectrum F is a spectrum with components
A, C E, a subcomplex.

A subspectrum A is cofinal in E if for each n and each finite subcomplex K C E,,
there is some m such that the map

rm-le _ S 26,41 € _1Eny
YR, = ymlp e B

sends XK into Ap4m.
Intuitively, A is cofinal in E if A eventually contains every subcomplex K C E,,.

Definition 4.9. Let E be a CW spectrum and E’ any spectrum. Suppose E; and F»
are cofinal subspectra of E. Two maps fi : By — E’, fo : E5 — E’ of the same degree
are equivalent if there exists a cofinal subspectrum FE3 contained in both E; and FE»
such that the restrictions of f; and fy to F3 are equal.

The previous definition gives an equivalence relation. The proof of this is straight-
forward, using the fact that the intersection of two cofinal subspectra is a cofinal sub-
spectrum.

Definition 4.10. An emap from a CW spectrum E to a spectrum E’ is an equivalence
class of maps from cofinal subspectra of E to E’.

Note the equivalence class consist of maps of the same degree r, by definition. So
we can define the degree of the emap to be r.

All of this work amounts to saying that, when defining an emap f, if you have a
cell ¢ in E,, we need not define f on ¢ at once; you can wait till E,,1, before defining
the map on X™c. The slogan from [2] is, “cells now—maps later.”

TThis is Whitehead’s theorem, which states that a weak equivalence between CW complexes is a
homotopy equivalence.
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Proposition 4.11. Composition of maps of spectra determines a well-defined compo-
sition of emaps.

That is, it is possible to define composition of emaps as [f]o [g] = [f o g], where f, g
are representatives of the emaps [f] and [g] respectively. We omit the proof; see [25]
Proposition 1.5, §3].

We want to define homotopy of emaps. Recall that, in Top, a homotopy of maps
frg: X = Yisamap h: I x X — Y satisfying h(0,—) = f and h(1,—) = g. We will
define an analogous concept for spectra.

Let fl: X ANY — Y A X be the flip map. Let the cylinder spectrum Cyl(E) of F
be the spectrum with components I, A E, and structure maps

SUATL A By N 1A S A B ST LA B,
Given f : F — FE’, define Cyl(f) : Cyl(E) — Cyl(E’) in the obvious way.
Proposition 4.12. There are injections (of degree 0)
Q0,11 : E — Cyl(E)
corresponding to the two ends of the cylinder.
Proof. We define ig by

ion : En — Cyl(E),

x+— (0,2).

We need to show that ig is a map of spectra.
Since the smash product is symmetric, we can consider o,, as a map E,AS' — E, 1.
Then we need to verify that the square

E NS —— T B

10,n/\|dsl 10,n+1

idj0,1], Aoy,

I+/\En/\51 — I+/\En+1

commutes. It is easy to verify this element-wise:

($, 5) ’* Un(x7 5)
iO,n/\idsl iO,n+1
id[(),l] Aon

(0,z,s) i (0,0n(x,y)).

The i1 case is analogous. O
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It is straightforward to check that the cylinder spectrum Cyl(E) of a CW-spectrum
E is also a CW-spectrum. Thus, we can consider the emaps from Cyl(E).

Definition 4.13. Two emaps f,g: E — E’ of the same degree are homotopic if there
exists a emap h : Cyl(FE) — F such that f = hoiyand g = hoi;.

The standard proof that homotopy defines an equivalence relation extends to the
case of emaps. The equivalence classes of this relation are called homotopy classes. The
set of homotopy classes of emaps E — F of degree 0 is denoted by [E, F| and the set
of homotopy classes of emaps of degree r is denoted by [E, F],.

Proposition 4.14. Composition of emaps determines a well-defined composition of
homotopy classes.

Again, this means we can define the composition of homotopy classes [f] and [g] as
[g o f]. The standard proof of this property also extends to the case of emaps.

Definition 4.15. The stable homotopy category has CW spectra as objects and homo-
topy classes of emaps of degree 0 as morphisms.

We can define another version of the stable homotopy category, where we do not
force the degree of the emaps to be 0. Then the homsets are Z-graded, by their degree.
If you compose a morphism of degree r and a morphism of degree s then you have a
morphism of degree r + s.

We see that we have now solved our motivating problem: that there was no good
inverse to the weak equivalence f : S” — S. Now we know that S’ is a cofinal subspec-
trum of S, so there is a map S — S’ in the stable homotopy category corresponding to
the identity map S’ — S’ of spectra. This is the inverse of f in the stable homotopy
category. The following proposition makes this argument rigorous.

Proposition 4.16. If E' is cofinal in E then E' and E are isomorphic in the stable
homotopy category.

Given the working above, this result should now be intuitive. See [2, §, part III] for
a proof.

Example 4.17. Given a CW-spectrum E, define E’ by

E, ifn>0,
* if n < 0.

E, =

n

We know E' is cofinal in E and therefore isomorphic in the stable homotopy category.
So it does not matter whether we index spectra by Z or N.
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4.1.3 Homotopy Groups of Spectra

Definition 4.18. Define the r-th homotopy group of a spectrum F as

7 (E) = colim 74 (Ey).

n—oo
On the right side, the direct limit is taken over the maps

[T, B,] ZES (STt B, ),

f—— ogoXf.

Since the direct limit of a sequence of abelian groups always exists (Proposition
A.4), the homotopy groups are always well defined. However, the sequence may not
stabilise as the following example illustrates.

Example 4.19. Let E be the spectrum with components E, = V,S™ and structure
maps o : XE, — E,11 inclusion of the first n wedge summands. Then

mo(E) = colimmy,(Ey,) = colim @,Z = BpenZ.

n—o0 n—oo
Proposition 4.20 [2, Proposition 2.8, part III]. Suppose X is a finite CW complex
and E a spectrum. Then there is a natural 1-to-1 correspondence

(XX, E], + colim[Y"T" X, E,].

n—oo

Analogous to the above definition, on the right side, the direct limit is taken over
the maps

anE—

2T X, B, DR @ N

For a proof, see [2 Proposition 2.8, part III]. An easy corollary is that m,.(FE) =
[S, E],, where S is the sphere spectrum.

A map of spectra f : E — E’ induces a homomorphism between homotopy groups
f« : m(E) = m.(E"). There are maps w1, E, — Ty E), induced by the component
fn. Then taking colimits gives an induced map

f* o colimmy, . By — colim 4 F,
n—oo n—oo

between the homotopy groups of spectra.

4.1.4 Brown’s Representability Theorem

Every spectrum F represents a reduced cohomology theory E*, called the E¥ cohomol-
ogy, defined by
E"(X) = colim[¥" X, Ey,1,].

n—o0

(The direct limit is taken over the same maps as in Proposition 4.20}) If F is an
-spectrum, then this simplifies to

E"(X) = [X, B/,



44 CHAPTER 4. THE STABLE HOMOTOPY CATEGORY

where the right side is a homotopy classes of maps of spaces, since the structure maps
op are weak equivalences.
The corresponding unreduced cohomology theory is given by

E'(X) = [X, E,).

Brown’s representability theorem states that we can go in the other direction too
and build Q-spectra from reduced cohomology theories.

Theorem 4.21 [9, Theorem 4E.1]. Let E* be a reduced cohomology theory. Then
there exist an Q-spectrum E and natural isomorphism E"X = [X, E,|. Furthermore,
the spaces of E are unique up to homotopy equivalence.

Therefore, this construction is an equivalence (in the category theory sense) between
Q-spectra and reduced cohomology theories.
Examples

The sphere spectrum S represents
E"(X) = lim["X, ST

the r-th stable cohomotopy group.
Recall that the loopspace QK (m,n + 1) is an Eilenberg-MacLane space of type
K (m,n). This allows us to make the following definition.

Definition 4.22. Given a group 7, we define the Filenberg-MacLane spectrum Hm to
be the omega spectrum whose n-th space is K (mw,n) and whose structure maps are

ol K(m,n) — QK(m,n+1).

-
Ordinary cohomology is represented by the Eilenberg-MacLane spectrum:

H'(X;G) = [X,K(G,r)]

Spectra Represent Homology (as well)

A spectrum E also represents a reduced homology theory defined by
E (X) = m.(E A X)]]

Proposition 4.23. The Filenberg-MacLane spectra HZ represents ordinary homology
with coefficients in Z

m(HZ A X) = H.(X, 7).

For a proof see [25, §11].

fAs before, the smash product A takes a spectrum E and a based space X, and gives a spectrum
defined by (E A X), = E, A X with structure maps S* A E, A X Iniidx, Eny1 N X.
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4.1.5 Weak Equivalence of Spectra

Definition 4.24. A map f : E — F of spectra is a weak equivalence if it induces
isomorphisms on all homotopy groups.

Every space has a CW approximation [9, page 352]. This result carries over to
spectra as well:

Theorem 4.25. FEvery spectrum is weakly equivalent to a CW-spectrum.

So we are not losing anything by our restriction to CW spectrum. We can consider
every spectra as an object of the stable homotopy category, by passing to a weakly
equivalent CW spectra.

In [2 part III}, Adams defines weak equivalence of spectra as follows.

Definition 4.26. A map f: E — F between spectra I, F' is a weak equivalence if the
induced map

£t [X, E) — [X, Fl.
g fog

is a bijection, for all CW-spectra X.

This is equivalent to our definition, by the following theorem:
Theorem 4.27 [2, Theorem 3.4, part III]. Let f : E — F be a function between
spectra such that the induced map fy : m(E) — 7 (F) is an isomorphism. Then for
any CW-spectrum X,

f« [ X, Bl = [X, Fls

s a bijection.

By a standard category theory factﬂ this implies that weak equivalences are iso-
morphisms in the stable homotopy category. This proves the following corollary:

Corollary 4.28. Let f : E — F be a map such that f, : E, — F, is a homotopy
equivalence for each n. Then f is an isomorphism in the stable homotopy category.

Moreover, all isomorphisms in the stable homotopy category are weak equivalenceﬁﬂ

4.1.6 Inverse Suspension

One of the advantages of working with spectra, instead of spaces, is that we can invert
suspensions.

TThe category theory fact is “if f. : €(X, E) EA (X, F) is a bijection, then f is an isomorphism’.
Proof: define f~! as the map in € (F, E) sent to id € €(F, F) by f..

'If f: E — F is an isomorphisms in the stable homotopy category, then there is f~' : F — F such
that fof™! =idr and f~'of = idg. Then the induced maps on homotopy groups satisfy f.o fr! =id
and fo'o f. =id. So f. is an isomorphism of homotopy groups.
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Definition 4.29. Let E be a spectrum with components F,, and structure maps o,,.
The suspension X E of E has components

(XE), :=S'AE,
and structure maps
IAid id g1 Ao,
SUA S A B, 0B g1y 51 A g, B0 gl

where fl:S*A St — S1 A St is the flip map.
The desuspension X~ 'E of E has components (ZflE)n = F,,_1 and n-th structure
map given by the (n — 1)-st structure map o,_1 of E.

Proposition 4.30. There are natural isomorphisms in the stable homotopy category

E—= 5 ¥yuE,
SISE —— E.
We define ¥ and X! on maps as well, in the obvious way. Given a map of spectra
[+ E — E' of degree r with components f,, : E,, — E!, the suspension Xf : XF — XL FE’
is a map of spectra of degree r with components X f,,. Similarly, the desuspension

Ylf:¥7'E — ©~'F’ has components f,,_1. It is not hard to see that this gives well
defined functors ¥ and ¥~! in the stable homotopy category.

Corollary 4.31. Suspension induces a bijection

S :[E,E], > [SE,SE,
[f] = [Zf]-

So we have an adjunction [LE,E'] = [E,Y 'E’]. The analogous statement for
spaces is the suspension-loopspace adjunction [XX,Y] = [X,QY]. So we can think
of X7'E’ as the loopspace of the spectrum E’. If E' is an Q spectrum, then in fact
(X71E"),, = E! _, is weakly equivalent to QE/,. So there is an isomorphism in the stable
homotopy category between ¥ ~!E’ and the spectrum formed by taking loopspaces of
each component of E’.

Proof. The isomorphisms of the Proposition give a bijection
SISE,STISE), S (B, E,.
Using this, we can consider
> [2E,XE, - [2'2E, 27 IYE, = [E, E'.

This map is the inverse of the suspension ¥, so we are done. ]
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We will prove Proposition by introducing a ‘fake’ suspension X: given a
spectrum E, the fake suspension ¥y E has components

(ZE), :=S'AE,

and structure maps
idSl Aon

S'ASYAE, SYA By

So X E and Xy FE are identical, except the structure maps of X F first flip St A S This
flip is critical if we want to define a compatible smash product on spectra.

Proposition 4.32. There is a natural isomorphism between ¥y E and X E in the stable
homotopy category.

We will not prove this result. See [25, Proposition 1.4, §4]. The proof of Proposition
follows from the following lemma:

Lemma 4.33. Proposition [{.30] holds when X is replaced by Xy .

Proof. To begin, note that the n-th space of EfZ_lE and Z_lZfE are X FE,_ 1. More-
over, the n-th structure maps of EfolE and E*IZfE are both idg1 Aoy,—1. Therefore,
we obtain a canonical isomorphism

S E S TINE,

Using this result, it suffices to prove F =) fE_lE.

Note that the n-th space of EfE*IE is S' A E,_1 and the n-th structure map is
idsl VAN Op—1-

We will construct a weak equivalence f : X712 tE — E. Then by previous results,
f will be an isomorphism in the stable homotopy category.

Define the n-th component of f to be the structure map o,_1 : XE,_1 — E,. This
is a map of spectra since the relevant square

ido1 Aopn—
SUAS'AE, ; =8 SLAE,
ids1/\0'n_1 On
S'ANE, — 2 FE,i1.

obviously commutes.

We will define an inverse ¢, : 7. E — WTE_lsz of the induced map f : Wrz_lsz —
mrE. Suspension induces a map Xy 1 149 FEn—1 = Thyr2FEp—1. Taking colimits as
n — 00, we get our map

¢r B =colimmy_14,FEp_1 — colimmy 4 XE, 1 = WTZ_IZfE.
n—oo n—oo
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Then f, and ¢, are inverses by the category theoretic fact that given a diagram

y Apig — ...

/\/\

the diagonal arrows induce inverse isomorphisms on the colimits

colim A,, = colim B,,.
n—oo n—oo

This fact follows straightforwardly from the universal properties of colimits.

In our case, we have constructed the diagram

Tn—1+4rEn— TntrEn — ..

(fV & (V \

o 7Tn,1+rEEn71 > 7Tn+r,~EEn

and so we get inverse isomorphisms

. e .
colimy, o0 Tpyr 2 FEp—1 7=— colimy oo Tp—14rFn—1. ]

T

This proves that ¥ and X! form an equivalence on the stable homotopy category.
Since X! is a shift down of indices, [S"E, E'], = [E, E']+_,. By the equivalence just
proven, we must also have [X"E, E'], = [E, E'] 4.

The next result will prove useful in later chapters.

Proposition 4.34. IfV and W are vector bundles which determine the same class in
Kp(X), then Th(V') = Th(W), in the stable homotopy category.

Proof. We only consider the case for real vector bundles, since this will suffice for our
needs. The complex case follows analogously. If V and W determine the same class,
then V @ " = W @ €™, for some trivial bundles €, ™. But we know that,

Th(V & €") = S"Th(V).

in spaces (by Proposition [1.27)). Thus, Th(V) = 3™ "Th(W) = Th(W), in the stable
homotopy category. O

One advantage of working with spectra, as opposed to working with spaces, is that
[E, F] always forms an abelian group. Since every CW spectrum FE is equivalent to
its suspension £ F and hence also its double suspension £2FE, we can define an abelian
sum operation just as in ordinary homotopy theory.
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4.1.7 Cells of CW-Spectra

We outline the concept of stable cells given in [2, part III]. This will be important in
understanding the Spanier-Whitehead duals of CW complexes, in the next chapter.

Definition 4.35. Let E be a CW-spectrum and let C), be the set of cells in E,, other
than the base-point. Define a map C,, — Cp4+1 by ¢ +— 0,,(2X¢). This is an injection (by
definition of CW-spectra), so the direct limit

C = colimC,

n—oo

exists by proposition An element of C' is called a stable cell of E.

By definition, a stable cell is an equivalence class of cells. Each equivalence class
contains at most one cell in E,,. Moreover, if ¢ and ¢’ are cells in E,, and E,, respectively,
with n < m, then c and ¢ are equivalent if and only if

Cn— Chy1 = ... > Cpy
maps ¢ to .

Definition 4.36. Let [c] be a stable cell represented by ¢ € E,,. Suppose the dimension
of ¢ is m. Then the stable dimension of [c] is m — n.

The stable dimension is well defined by the reasoning in the previous paragraph.
This allows us to have cells of negative dimensions in CW spectra.

Proposition 4.37. A subspectrum E' C E is cofinal if and only if C' — C is a
bijection.

So a cofinal subspectrum has the same stable cells as its superspectrum. This
explains why we cared about maps out of cofinal subspectrum, instead of maps out of
the superspectrum. We only cared about maps defined on the stable cells. The proof
of this proposition is straightforward.

Definition 4.38. A CW spectrum is finite if it has are a finite number of stable cells.

4.2 The Smash Product and Symmetric Spectra

We want a smash product that provides a symmetric monoidal structure on the cate-
gory of spectra. Moreover, a ring spectrum E—a spectrum representing a multiplicative
cohomology theory—mneeds to come with a map £ A E — E which encodes the multi-
plication in E-cohomology.

More explicitly, given spectra X = {X,} and Y = {Y,}, we want the following
properties:

. XAY XY AKX,
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2. XAYIANZ=XANYANZ),
3. the sphere spectrum S is the unit: X AS=Z X =2 SA X,
4. and these isomorphisms act nicely (i.e. they satisfy the pentagon axioms).
One obvious possible definition is
(XAY)op =X, AY, and (X AY)opi1 = Xpg1 A Yy,

with structure maps

Un,X/\idYn

oo  S(Xn AY,) =5X, A Y, Xni1 A Y,

Ao’n,Y

Xn41 AYnpr = (X A Y)2(n+1)-

id
O2n41 * Z(Xn—l-l A Yn) = Xp1 ANXY,

Xn+1

But this definition is not symmetric, we don’t have X AY 2 Y A X.
Another possible definition is
(XAY)=\/ Xiny,
i+j=n
with structure maps are
On : Z(X A Y)n = \/ Z(Xi A Y]) V(oxAoy)

i+j=n

(X AN Y)n_|.1.

This satisfies properties 1. and 2. But it doesn’t satisfy property 3. We run into
problems with the homotopy groups of X A S and X, which must be the same for
property 3 to hold.

So it is no easy task to define a nice smash product on Boardman’s category of
spectra. In fact, there is no known way. Instead, we will present an alternative category
of spectra, which has a well behaved smash product:

Symmetric spectra

Let ¥, be the symmetric group on n letters. If we define S™ = S' A ... A S!, then we
have a ¥,,-action by permuting the S'’s. Write %, x 2, C Yim+n for the subgroup
that permutes the first m letters and the last n letters, separately.

Definition 4.39. A symmetric spectrum X is a sequence {X,} of based ¥,-spaces,
with structure maps
Omm - SN Xy = Xon

which are ¥, X X,-equivariant and make the square

Zkam n

SEAS™ A X, =2 SFA Xin

|dl io'k,'mﬁ—n

k Ok+m,n
SETm A X, Xktmin

commute.
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Symmetric spectra form a monoidal category. We define the smash product as
follows. First define a ‘pre-smash product’ X Ag Y by

(X AY)n =\ (Zn)s Anixs, (Xi AY)).
i+j=n
Here %;, is considered as a discrete space. By Ay, xx»,; we mean take the smash product
and then quotient out by >; x XJ;.
As aspace, (35)+As,xx; (XiAY)) is \/(?) XiNY;. So Ag is associative up to natural
isomorphism.
The structure maps of X give us a map ax : S A\g X — X by

Vai i

\/ (Xn)+ ASixs; (Si A Xj) — X,.
i+j=n
Define the smash product X AY of symmetric spectra X and Y as the coequaliser
of

ax Aoidy
XN SNY —= X N Y.

idx Aoay

4.3 Some Stable Homotopy Theory

In this section, we will quickly introduce some relevant stable theory. A general idea
in mathematics is to call a phenomenon stable if it occurs in the same way for all
sufficiently large dimensions. Otherwise, it is unstable.

It turns out that many problems that were originally thought to be unstable can in
fact be reduced to stable problems, which are often easier to solve.

Definition 4.40. The homotopy class of (based) maps between (spaces) X and Y is
stable if it is in bijection with [X"X, ¥"Y] for arbitrary n > 0.

4.3.1 The Freudenthal Suspension Theorem

The field of stable homotopy theory arose from the Freudenthal suspension theorem.
It shows that homotopy groups of spheres are stable.

Theorem 4.41 (the Freudenthal suspension theorem). The suspension map
70 (S™) = Ty 1 (ST

is an isomorphism for n < 2m — 1 and a surjection for n = 2m — 1. More generally,
this holds for the suspension mp(X) — 7 +1(XX) whenever X is an (m — 1)-connected
CW complex.

A proof can be found in [9), corollary 4.24].

In particular, if X is a CW complex with bottom cell in dimension m, then the
n-th homotopy group of X is stable, provided n < 2m — 1. In the next section we will
prove the dual statement: if X is a finite CW complex with top cells in dimension n,
then the m-th cohomotopy grouplﬂ of X is stable, provided n < 2m — 1.

fWhile homotopy groups consist of maps out of spheres, cohomotopy groups are the dual: maps into
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4.3.2 A Stability Theorem for Cohomotopy Groups

We want to prove a stability result for cohomotopy groups of finite CW complexes. To
do this, we will start with a map f : X — Y, add a cell D* to X, and look at the
obstructions to extensions X Uy DF Y of f:

XL;Y

-
-
-
-
-
-
-
-

X Uy D™

An extension X Uy D™ — Y exists if and only if g1 2 x Loy g null-homotopic.
Why? We need to define a map D™ — Y that agrees with f on the boundary. But
this is equivalent to defining a homotopy from a map S™ ! — Y to a constant map.

Fix one extension gg : D™ — Y. Build a map h : S™ — Y out of another extension
g : D™ — Y as follows: Define h on the northern hemisphere D™ by ¢ and on the
southern hemisphere by gg. We know h is well defined, since g and gy agree on the
equator 8™~ 1. It is clear that this construction is invariant under homotopy.

This construction gives a bijection ® between the homotopy classes of extensions
and elements [h] € 7, (Y). It is obviously injective. To see it is surjective, consider
h:S™ — Y as a map S™ ! x I — Y which is constant on {0} x ™! and on
{1} x S™~1. We can also consider an extension g: D™ — Y asamap S™ 1 x I =Y
which is constant on {0} x S™~! and equal to f on {1} x S™~L,

Define h: S™ 1 x 1 =Y by

9go(s, 2i) if i €[0,0.5],
h(s,i) = < go (8,1 —4(i — 0.5)) ifi € [0.5,0.75],
h (s,4(i — 0.75)) if i € [0.75,1].

1=1r—
h
_ 3
Z—Z—
go upside down
~ ,_1
hy =5[]
90
1=0—

We know that & is homotopic to h. But the northern hemisphere is an extension
D™ — Y of f and the southern hemisphere is the extension go. So [h] is in the image
of ®. Therefore, we have the following lemma:

spheres. We define the m-th cohomotopy set of X to be the set of homotopy classes 7™ (X) = [X, S™].
It turns out that we can give 7 (X) a group structure, provided that X is a CW complex of dimension
at most 2m — 2.
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Lemma 4.42. Given f: X =Y, if f extends to a map X U D¥ — Y, then the set of
homotopy classes of extensions is in bijection with 7 (Y').

Theorem 4.43. Let X be an n-dimensional CW complex. If n < 2m —1, then [X,S™]
is stable.

Proof. We will induct on the cells of X. Let X be an arbitrary subcomplex of X.

Base case: If X is a single cell, then it has dimension 2 < n. By the Freudenthal
suspension theorem, [X,S™] is stable.

Step case: Assume that both [X, $] and the obstruction to extending f are stable.
Add a cell D¥ to X with attaching map ¢. We want to show that [X U, D¥, S™] is
stable. Each class [f'] € [X Uy DF,S™] is an extension of some class [f] € [X,S™].
Moreover, the number of extensions of [f] is in bijection with 7 (S™).

Now, each class [¢/] € [E"X Usgy DF4", S™+7] is an extension of some class [g] €
[2" X, $™F"]. The number of extensions of [g] is in bijection with 74, (S™1"). But
we know that 74 (S™) = 74, (S™1™) by the Freudenthal suspension theorem and that
[X,S™] is in bijection with [Z"X,S™*"]. Thus, [X Ug D*, S™] is in bijection with
("X Usg DFR, SmA7], O

Note that we only used the Freudenthal suspension theorem to conclude that m;(S™)
was stable for ¥ < n < 2m — 1. Thus, the theorem also holds if we replace S™ with
any (m — 1)-connected CW complex.

4.3.3 Maps of Suspension Spectra in the Stable Range

Recall Proposition 4.20;f we have a natural 1-to-1 correspondence

(XX, E], ¢ colim[¥"" X, E,],
n—oo
where X is a finite CW complex and E a spectrum.
Now, if it turns out that the homotopy classes [ X, E,] stabilise, that is,

colim[Y¥" "X E,] = [N X, Ex]
n—oo
for some large N, then maps of spectra [ X, E], correspond to maps of spaces.
Suppose that E was also a suspension spectrum Y. By theorem [1.43] the se-
quence [ X, ¥"Y] is stable if £"X is an n-dimensional CW complex; Y is (m — 1)-
connected; and n < 2m — 1. Re-arranging this gives us the following corollary.

Corollary 4.44. Let X, Y be CW complexes. Suppose X is finite with top cell in
dimension n and 'Y is (m — 1)-connected. If n+r < 2m — 1 then maps between spectra
[E° X, XY, correspond to maps between spaces [L"X,Y].

When we prove the vector fields problem, we will move from spaces into the stable
homotopy category via the functor 3°°. This will allow us to exploit some stable
properties. But to conclude the proof, we will need to move back into the category of
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spaces. The above proposition will provide this link back. In particular, we now know
that if we are in the stable range, a space is (co)reducible if and only if its suspension
spectrum is (co)reducible. (We have not yet defined (co)reducibility of spectrum. We
will do so in the next chapter, but intuitively it means that the top or bottom stable

cell splits.)



Chapter 5

Duality

In this chapter, we assume that there exists a commutative and associative tensor prod-
uct, which we call the smash product A, in the stable homotopy category. Moreover,
this smash product is compatible with the previously defined smash product between
a space and a spectra. So given a spectrum E and a CW complex X,

ENXZEANY®X

where X A E is the spectrum defined by (E A X),, = E, A X with structure maps
STAE, AX TN B AKX,

Thus, the smash product A makes the stable homotopy category into a symmetric
monoidal category. See [2, Part III, §4] for the construction of A and proof of these
facts.

Further, we assume that the smash product A preserves cofibre sequences and the
sphere spectrum S is the unit object of A. We assume that the function spectrum
F(X,Y), defined below, is the internal hom object in the stable homotopy category.

So there is an adjunction

WA X,Y] 2 W, F(X,Y)] (5.1)

5.1 Spanier-Whitehead Duality

5.1.1 Function Spectra

Definition 5.1. Let X and Y be spectra and W a CW complex. The functor sending
a CW complex W to the morphisms from X AW to Y in the stable homotopy category

W [X AW, Y]

is a generalised reduced cohomology theory. Brown’s representability theorem then
implies that it is represented by an object in the stable homotopy category. We define
this object to be the function spectrum F(X,Y).

55
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5.1.2 Dual Objects in the Stable Homotopy Category

Definition 5.2. The Spanier- Whitehad dual of a spectrum F is the dual objectr_f] of £
in the stable homotopy category, if it exists. We denote the dual by DFE.

Proposition 5.3. If the dual of X exists, it is F(X,S°).

This is a result in category theory, which holds for any closed symmetric monoidal
category.

Proposition 5.4. D is a contravariant functor on the subcategory of dualisable objects.

Proof. We need to show that [D X9, DX1] = [X1, Xo] for dualisable objects X1, Xo. We
use the adjoint property to get

[DX2, DX1] 2 [S°, Xo A DX1] =[SO A X1, Xo] 2 [X1, Xo. O

Lemma 5.5. If A > X - Y = X UCA is a cofibre sequence such that A and X
are dualisable, then Y is dualisable and the sequence DY — DX — DA is a fibre (or
equivalently coﬁbre{ﬂ) sequence.

We omit the proof. See [25], §8].
Proposition 5.6. . F(Y,Z) =[Y, Z|,

Proof. By Proposition . F(Y,Z) = [S°, F(Y, Z2)],. But [S°,F(Y,2)], = [S° A
Y, Z], by the adjunction [5.1]and [S® A'Y, Z], = [Y, Z], since S° is the unit of A. O

Proposition 5.7. DY NZ = F(Y, Z)

Proof. We need to show that [X, DY AZ] and [X, F(Y, Z)] = [X Y, Z] are isomorphic,
for all spectra X. This is a standard result in category theory, see Theorem in the
appendix. O

5.1.3 Cell Dimensions are Inverted when Taking Duals

If Y = S% and X = S, then F(X,Y) represents the cohomology
EX(W) = lim[S (W A S7), 85+ 2 S (),

where S* is the cohomology theory represented by the sphere spectrum. This implies
that DS™ and S™" are isomorphic in the stable homotopy category, since they represent
the same cohomology. So the dual of S™ is S™".

So now we know that the dimension of the spheres are inverted when we take duals.
Since CW-spectra are made up of spheres, we should be able to show the cells of any
CW spectrum are also inverted when taking duals.

fSee the appendix for the definition of a dual object, in category theory.
In the stable homotopy category, every cofibre sequence is a fibre sequence, and visa versa. See
25 §7).
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Suppose that X is an n-dimensional CW spectra. Then X™/X"~! dualises to the
(—n)-skeleton of DX. By induction, X"/X*~! dualises to the (—k)-skeleton of DX.
Moreover, we have a cofibre sequence

Xt XE o X/ XE o xR xR =\ 5

Dualising, we get
D(X"/X* ) « D(X"/XF) - \/ §7F,

by Lemma It turns out that this is the attaching map for the (—k)-cells. Why? It
is a cofibre sequence where D(X™/X¥) only has cells from dimension —n to dimension
—k —1 and D(X™/X*1) has cells from dimension —n to dimension —k.

We have proved the following theorem:

Theorem 5.8. Let X be a finite CW spectrum. Then the dual of X exists.

5.1.4 S-reducible and S-coreducible

Definition 5.9. Let X be a (n — 1)-dimensional CW complex and suppose Y con-
structed from X by attaching an n-cell via f : "7 ! — X. Let ¢ : XY — »>®85"»
be the map collapsing ¥>>°X to a point. Then Y is S-reducible if there exists a map
f 25" — ¥V such that post-composition with ¢

zesm Iy gy 2 weogn

has degree 1. That is, the map Z = m, (X°°5™) KIZEN T (2°°5™) is multiplication by 1.

We can think of Y being S-reducible if the attaching map of the stable n-cell of
2V is trivial. Equivalently, the r-fold suspension of the attaching map of the n-cell
of Y is trivial, for sufficiently large values of r.

Definition 5.10. Let Y be a CW complex such that there is a single cell in dimension
n, and all cells (except perhaps the base point 0-cell) have dimension greater than n.
Define i : 8™ < ¥*°Y to be the inclusion map of the corresponding stable cell in
Y. Then Y is S-coreducible if there exists a map f : XY — »°°S™ such that
pre-composition with ¢

gesm L vy Lopeogn

has degree 1.
S-reducibility and S-coreducibility are weaker conditions than reducibility and co-
reducibility. However, if we are in the stable range, then they are equivalent properties.

Since the Spanier-Whitehead dual inverts the dimensions of the stable cells and is a

contravariant functor, we have that:

Proposition 5.11. The dual DX is S-coreducible if and only if X is S-reducible, and

VISa versa.
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5.2 Alexander Duality

Alexander duality is a standard result relating the homology of X with the cohomology
of S™ — X:

Theorem 5.12. Let X be a finite CW complex embedded into S™, such that S™ — X
1s homotopy equivalent to o finite CW complex. Then there is an isomorphism

H(X;7) S H' (8" — X, 7).

This is a specialisation of corollary 3.45 of [9]. We omit the proof. A corollary is
the Alexander duality for spectra:

Theorem 5.13. Let X be as in Theorem[5.19 Then there is an isomorphism
DX = xn~(=b(gn _ x)
i the stable homotopy category.

We delay the proof until the end of this section. It is not too difficult to prove
standard Alexander duality from Alexander duality for spectra: We have an isomor-
phism D(S™ — X) — -~ DX since we can interchange X and S” — X. Then by
smashing with the Eilenberg-MacLane spectrum HZ and taking the induced map on
the (r + 1 — n)-th homotopy group, we get

Triion (D(S" = X) A HZ) =5 i1 (SUX A HZ).
But we have on the left hand side
Tri1-n (D(S™ = X)ANHZ) 2 111 F(S"—X, HZ) = [S"—X, HZ), 41— = H" 77 (S"— X Z),

where the first isomorphism follows from Proposition and the second from Propo-
sition On the right we have

Trilon (E_(”_l)X A HZ) ~ . (X AHZ) = H,(X;Z),

where the final isomorphism is Proposition
So Theorems [5.12] and are equivalent.

Lemma 5.14. Suppose Y is a finite CW spectrum with [Y, HZ], = 0 for all v € Z.
Then Y = x in the stable homotopy category.

Proof. This follows from the Hurewicz theorem, which holds for spectraﬂ ]

T Alternatively, here is a proof that doesn’t rely of the Hurewicz theorem:We need only show that the
homotopy groups of Y are trivial. Choose N such that the N-th component Yy contains representatives
for every stable cell of Y. We can do this since Y has a finite number of stable cells. Let K be a finite
subcomplex of Yy containing all the representatives. By passing to XK C Yn41 if necessary, we may
assume that K is simply connected.
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Proof of Theorem[5.13 Let A be a finite CW complex such that A is homotopy equiv-
alent to S™ — X.
First we define a natural map

p: 2" D4 5 DX

then we will show it is an isomorphism in the stable homotopy category.

Suppose, for the moment, that, when A and X are embedded in S™, there is no
point in A which is antipodal to a point in X. Then, for any tuple (a,z) € A x X,
there is a unique great circle of S™ containing both a and x. Let v44 : [0,1] — S™ be
the arc of length one from a to x along this great circle. We have a map

Ax X — 8",
(a,z,t) — Ya0(t).

Note that A* X is homotopy equivalent to (A A X). Thus, we get a map L(AAX) —
S™. This gives a map X~ DA A X — SO in the stable homotopy category, and

consequently
p: 2" VA 5 (X, 8% =~ DX,

as required.

Now, if there is a pair of antipodal points, one in A and one in X, the construction
of ¢ is more difficult. We need to use the Hopf construction, which takes a map
W xY — Z and builds a map W xY — XZ. To define the Hopf construction, note
that the join is the pushout

The suspension spectrum of K has n-th component X" K. The inverse suspension shifts indices
down, so X~ " K has n-th component K. Thus, X" " K is a cofinal subspectrum of Y and so X7 " K and
Y are isomorphic in the stable homotopy category. But we know

0=[Y,HZ], 2 [X"K,HZ), = [K,HZ], », = H" "(K; 7).

So all the cohomology groups of K are zero.

We can use the universal coefficient theorem to conclude the homology groups of K must also be zero:
Specifically, we know that Hom(H,(X),Z) = 0 and Ext(H,(X),Z) =0 for all n > 0. Also, Hp(X) is
a finitely generated abelian group by [9, Proposition 3F.12], so H,(X) = Z" @ Z;:* & ... ® Zy.*. Then

Z" =2 Hom(H,(X),Z)

implies r = 0 and
Lyt ® ... Zy" = Ext(Hn(X),Z)

implies s = 0. So H,(X) = 0 for n > 0. Finally, the Hurewicz theorem (for spaces) then implies
that all the homotopy groups of K are zero: We have assume K is simply connected. So we can
apply the Hurewicz theorem to find that m2(K) — H2(K) = 0 is an isomorphism. By induction,
7n(K) — Hp(K) 2 0 is an isomorphism.
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where C’ is the unreduced cone. There are obvious maps
WxCY —-C'Z—-%XZand CW xY = C'Z —=XZ,

which commute with the inclusions iy, iy. Therefore, by the universal property of
pushouts, we have a map W x Y — X 7.

Returning to the problem at hand, suppose there is a pair of antipodal points. By
changing A if necessary, we can assume that there is a point p in S™ not in X U A.
Defining St : S™ — {p} — R™ to be the stereographic projection at point p we get a map

X xA— S
St(z) — St(a)
(70) = I85(2) — St(a)]

as required. The Hopf construction on this map gives us ¢.
Consider the cofibre sequence of ¢

-4 % DX < DX UCE-DA) =Y.

Since cofibre sequences are fibre sequences, they induce long exact sequences of homo-
topy groups. If 7,.(Y) = 0 then ¢ induces an isomorphism on homotopy groups for all
r. Consequently, ¢ is an isomorphism in the stable homotopy category.

We know that taking Spanier-Whitehead duals and the smash product preserve
cofibre sequences, so both

DY — X - DY~ "D A and DY A HZ — X ANHZ — D (E’(”’l)A) AHZ

are cofibre sequences. Consider the exact sequence of homotopy groups induced by
the last cofibre sequence. We have that m.(X A HZ) = H,(X,Z) by Proposition m
Additionally,

. (D (Z*("*l)A) A HZ) ~ o F(5~("V A, HZ)

= 2~V A4, HZ), = (A, HZ), (1)
=~ ["17"(A,2),

using Propositions and Now, it turns out that the isomorphism in Theorem
is the map H,(X,Z) — H"'7"(A,7Z) in this long exact sequence. Therefore,

02w, (DY ANHZ) =, F(Y,HZ) = [Y, HZ),,

for all r. By Lemma Y 2 % and consequently 7,.(Y) = 0 as required. O

5.3 Atiyah Duality

We now examine the Spanier-Whitehead duals of manifolds and the duals of Thom
spaces of vector bundles over manifolds. This is due to Atiyah [3].
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We know that Th(V @ ") = £"Th(V), where V' is a vector bundle over X. Now
that we have an inverse suspension, we should be able to extend this, at least in the
stable homotopy category. Define the Thom spectrum of any element V' — €” of Kp(X)
by

Th(V —€") = X7"X°Th(V).

in the stable homotopy category.
Let M be a n-dimensional differentiable manifold. Suppose we have an embedding
M — R™. Then we can define the normal bundle Nj;r» whose fibre at p is the
(m — n)-dimensional space of vectors in R” normal to p. The sum of the normal and
tangent bundles is trivial:
Th @ Nypm = €.

By rearranging this equation, we have Th(—Ty) = X~ ™Th(Npyrm). This doesn’t
depend on the choice of embedding since any two embeddings are stably equivalent.

Definition 5.15. A vector bundle p : E — B is differentiable if £ and B are dif-
ferentiable manifolds, p is a differentiable map and the local trivialisations of p are
diffeomorphisms.

Atiyah duality is a powerful result. Assuming the Thom isomorphism theorem,
Poincaré duality (for generalised cohomology) is an easy corollary. (See [25, §10] for
the proof.)

Theorem 5.16. Suppose M is a compact, differentiable manifold. If M has a boundary
OM, then
D(M/OM) = Th(—Tu)

Otherwise, if M doesn’t have a boundary and E — M is a differentiable vector bundle,
then
D(ThE) = Th(-Ty — E).

An easy corollary is that D(My) = Th(—Tys) for M a compact, smooth manifold
without a boundary, since Th(B, ¢®) = B, for any space B.

The second statement also holds for a real (not necessarily differentiable) vector
bundle E. To see this, we need to know about the universal bundle £, (R>) over
the Grassmannian G, (R*), the space of all n-dimensional linear subspaces of R*°.
See [10 §1.2]. Let f : M — G, be the map inducing E-that is, f*(E,) = E. We
may approximate f by a differentiable map, which will induce a differentiable bundle
isomorphic to E. Then, the corresponding Thom spectra will also be isomorphic.

Proof. Suppose M has a boundary dM. We can embed M into D™, for m sufficiently
large, so that OM is in the boundary S™~!, with M transverse to S™~!. (See Lemma
3.1 of [3] for details.) Additionally, we may assume that M is a finite CW complex (see
[15]) and this embedding is cellular.

By considering the relevant cofibre sequence, M/9M is homotopy equivalent to

Y =MuUC'(0X)c DmuC'sm™ = gm
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where C” is the unreduced cone. We can apply Alexander duality to Y to get
D(M/oM) = n~m=D(sm _y),

Let N be a tubular neighbourhood (c.f. chapter 3 of [I6]) of M. Then N’ =
N UC'(N N S™ 1) deformation retracts onto Y. So S™ —Y ~ S™ — N’. Since the
tip of the cone C’S™ ! is in C'(N N S™ 1), we have that C’S™ 1 — C/(N n s™1)
deformation retracts to S™~1 — N N S™~!. Therefore, S™ — N’ deformation retracts

to D™ — N and consequently
D(M/oM) = x=(m=1(p™ _ N).
As D™ is contractible, D™ — N — D™ — ¥(D™ — N) is a cofibre sequence. So,
S(D™ — N) ~ D™/(D™ — N).

Since N is open, D™ /(D™ — N) = N /AN, where N is the closure of N.
We may choose N such that N and ON are identified with the disk bundle and the
sphere bundle of Ny pm respectively. Thus, N/ON = Th(Nys pm) and

D(M/OM) = £~"S(D™ — N) = S Th(Nypm) = Th(=Thy).

This proves the first statement. The second statement is a corollary: The disk
bundle D of E is a compact differentiable manifold with boundary the sphere bundle
of E. So

D(ThE) = D(D/0D) = Th(—Tp).

Let p : D — M be the bundle map of D. With some work, we find Tp and p*(Tys @
E) represent the same class in K (D). So their Thom spectra are isomorphic in the
stable homotopy category Th(—Tp) = Th (—p* (T @ E)) by Proposition Since
p is a homotopy equivalence, we conclude Th (—p*(Tw @ E)) = Th(-Ty — E). O

5.3.1 Dual of Stunted Projective Spaces
Recall that RPZ'HC = Th(RP™, k£) where £ is the canonical line bundle on RP™.

Theorem 5.17. The Spanier- Whitehead dual of RPZ““ 18 ERP:EZiIk)H)‘

Proof. We will show in chapter 7 that Kg(RP") is generated by £. So there is only
one class in Kr(RP") for each (virtual) dimension. Since the tangent space Tgrpn is
n dimensional, (n + 1)€ — ¢! represents the same class as Tkpn. Therefore, by Atiyah
duality,

DRP 2 Th(RP", —Tgpn — k€)
=~ Th(RP", —(n + 1)¢ + €' — k&)
>~ NTh(RP", —(n + k + 1)

~ —(k+1)
= ERPf(anH)' H
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Spectral Sequences

Spectral sequences are a powerful computational tool in algebraic topology. In chapter
7, the Atiyah Hirzebruch spectral sequence will be essential in our computations of the
K theory of stunted projective spaces.

6.1 A General Formulation

We take the approach given in [I8, chapter 2] and [II], although spectral sequences
exist in more general environments (for example, abelian categories). We also restrict
our attention to spectral sequences of cohomological type.

Definition 6.1. Let R be a ring. A spectral sequence is a collection of R-modules

{EPOPIE and differentials dy : By — By 07D such that

1. d,.od, =0,
2. B8, = HPa(Bi,dy) o= Kerdy s B = BP0 J o prerareo)
for all r,p, q.

A spectral sequence can be thought of as a book. For fixed r, the modules EZ'? are
called the r-th page. (Often the r-th page is denoted simply by FE,.) On each page,
the modules E;»* form an integral lattice in the Cartesian plane. For example, the 3rd

page of a spectral sequence is below.

63
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To avoid cluttering the lattice, we have omitted many of the differentials.
It does not really matter which page the spectral sequence starts on. In practise,
spectral sequences are often defined for r > 0, r > 1 or r > 2.

6.1.1 Exact and Derived Couples

Often, spectral sequences are built from algebraic objects called exact couples. This is
the case with the Atiyah Hirzebruch spectral sequence.

Definition 6.2. An ezxact couple is a pair F, E of abelian groups and an exact diagram

F ‘ F

N A

E.

Note that d = jk is a differential, since d*> = jkjk = j0k = 0. So we can consider
the homology Ker jk/Im jk.

Definition 6.3. Given an exact couple (F, E, 1,7, k), the associated derived couple is
the pair F' = i(F) C F and E' = Ker jk/Im jk of abelian groups and morphisms

defined below.

1. The morphism i’ = i|ps is the restriction of 7 to its image.
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2. We can write an arbitrary element of F' as i(f) for f € F. So define j' by
7 (i(f)) = [i(f)] € E'. This is well defined: firstly j(f) € Ker jk since jkj(f) = 0;
secondly, if i(f1) = i(f2) then f1 — fo € Keri =1Imk, do j(f1) — j(f2) € Im jk.

3. Define k'[e] = ke. Since e € Kerjk, we have ke € A" = Imi = Kerj, so
this definition makes sense. It is well defined since [e1] — [e2] = 0 € E’ implies
e1 — ez € Imjk C Imj = Kerk.

Lemma 6.4. A derived couple is exact.

This is an exercise in diagram chasing; see [I1), lemma 1.1] for a proof.

By iterating the process of forming derived couple, we get a sequence E, E’, E”, ...
with differentials d, d’, .... We call E the zeroth derived couple of E; E’ the first derived
couple of E; E” the second, and so on. These can often be combined to form a spectral
sequence. We will illustrate this with an example.

Let E be a reduced cohomology theory. Suppose X is a CW complex and we filter
X by an increasing chain of subcomplexes

PcX’c..cX"c..cX.

Note that this filtration does not necessarily need to be the skeletal filtration, but
(X%, X*=1) must be a CW pair, so that we can form long exact sequences of cohomology
groups (c.f. Definition [1.28]). These long exact sequences fit into a diagram

Ef(X%) — " Ef(X') — " Ef(X?) ——— E*(X3) — .
]\\\,1 k ]\\\,; k j\\\,; k j\\\ y
B (X'/X°) B (X?/X1) E*(X?/X?)

Each triangle is the long exact sequence of the pair (X*, X*~1) and the dashed arrows
increase the degree of the cohomology group by one.

This diagram gives an exact triangle. Define F = @pE*(Xp /XP~Y) and F =
@pE*(X P). Then we can rewrite the above diagram as

We have a grading on E and F given by EP¢ = EP4(XP/XP~1) and FP4 = EPTI(XP),
Then ¢, j and k have bidegree (—1,1),(1,0) and (0,0) respectively.

It remains to see that this gives us a spectral sequence. Let (F), Ey, iy, jr, kr) be
the (r — 1)st derived couple of the above exact couple. Note that the grading of E and
F carry over to E, and F,. To show that EX'? and d, = j.k, form a spectral sequence,
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the only thing to check is that the bidegree of d, is (r,—(r — 1)). This is purely book
keepingﬂ

6.1.2 The E, page

Definition 6.5. Given a spectral sequence (E;",d,), suppose there exists a function
r(p,q) € Nsg such that
Bre = B,
for all r > r(p,q). Then (E;",d,) is said to stabilise and, in this case, the limit page
FE is defined by
Ebi = co£im EPA.

Note that the limit page is defined more generally, not just when stable. But this
definition will suffice for our purposes.

In practise we can often assume EF? = 0 for some fixed r and all p,q < 0. So all
the non-zero modules are located in the first quadrant, when we visualise the F, page
as an integral lattice. Then, for fixed p, ¢ and large enough r, the differentials going in
and out of EX? will be zero. At this point, passing to the next page will not change
the modules: Effl = EP?. So the groups stabilise and E5! = EPY.

There is another simple condition that guarantees stability. If there are only finitely
many non-zero modules in each F column, then d,., which goes downward r — 1 rows,
is again zero for sufficiently large r. Analogously, stability is guaranteed if there are
only finitely many non-zero modules in each E row. We will see that this ensures that
the Atiyah Hirzebruch spectral sequence stabilises.

6.1.3 Convergence

We remind the reader that we are only concerned with cohomology. As such we will
focus on decreasing filtrations and convergence with respect to decreasing filtrations.

Definition 6.6. A (decreasing) filtration F* on an R-module A is a sequence of sub-

modules
{0yc..cF"MPACFrACF'AC ... C A

Suppose H* is a graded R-module. The motivating example is any cohomology
theory. If we have a filtration F on H* then F"H™ = F"H* N H™ is a filtration on
H™ and

FPHPH | Fp+1 gppta

forms a bigraded module.

fWe prove this by induction. The differential d; = jk has bidegree (1,0) since j has bidegree (1,0)
and k has bidegree (0,0).

In the step case, assume that i, j. and k, have bidegree (—1,1), (r, —(r — 1)) and (0, 0) respectively.
Since 441 = ir|;, (5, the bidegree of 4,41 is equal to the bidegree of i,. Similarly, the bidegree of k11
is equal to the bidegree of k., as k.t+1[e] = k.(e). Recall that j,41 is defined by 577 (i"(f)) = [§" f].
If i"(f) € FP9, then f € FPT197! and consequently, j7(f) € EPT"+197" Thus, 7' has bidegree
(r + 1, —r). Therefore, the degree of dry1 is (r + 1, —r) as required.
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Definition 6.7. A spectral sequence (E,™,d,) converges to a graded R-module H* if
Ebi = FPHPt / Fp+ippta,
for some filtration F of H*. In this case, we write

EPY = HPT9 or E5Y = HP'I,

Maps of spectral sequences

Definition 6.8. Let (E,™,d,) and (EA;f*,a?r) be two spectral sequences. A morphism
of spectral sequences is a sequence of homomorphisms f, : Ep* — EF* of bigraded
modules, of bidegree (0,0), such that

1. Each f, commutes with the corresponding differentials: f, od, = d, o fr

2. Each f,41 is the induced map of f,. on homology: that is, f,4+1 is the composite

B S HE d) 2 mEe d) S B

Since we often do not care about the first few pages of a spectral sequence, we allow
the sequences of homomorphisms f,. to start at » = 2 or even later.

If both Ef* and E;* stabilise, then we get a map foo : Eaz® — EX* by taking fr
for large r. It is not too difficult to see that if f, : E, — En is an isomorphism, then
fr is also, for n < r < .

Suppose that E;i* and E;* are both built from exact couples (E,F,i,j,k) and
(E, Fi,7, l%) respectively. Suppose f : E — E commutes with the first differential:

fik = jkf.

Then f induces a map of spectral sequences {f,} by defining f; = f and f,41 the
map induced by f, on homology. (We omit the proof that f, commutes with the r-th
differential.)

6.2 The Atiyah Hirzebruch Spectral Sequence

This spectral sequence computes the cohomology of CW complexes, for any cohomology
theory. It was first published by Atiyah and Hirzebruch in [4] but Adams states that
they were probably invented by G. W. Whitehead in the 1950’s [2], p. 214].

Suppose X is a CW complex with basepoint zg. Let C, be the set of p-cells of X.
Define the corresponding reduced version

Cp—{.%'()} ifpzo.

p =

Then the p-th cellular chain complex Cp(X) is the free abelian group with basis Cp,.
Similarly, the reduced p-th cellular chain complex Cp(X) is the free abelian group with
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basis (Z,. Define the reduced and unreduced cellular cochain complexes with coefficients
in G

C*(X;G) = Homg (C4(X),G) = [[ G and C*(X;G) = Homy(C. HG
Cy

Theorem 6.9. Let e be an unreduced cohomology theory and X a finite-dimensional
CW complex. Then there exist spectral sequences (Ex™,d,) and (E}*,d,) with

EPT = ePTUXP/XPT1) 2 CP (X;e(x)), EY?=HP (X, el(x)) = ePT(X),
and
EPT = pta(XP/XPY) 2 CP (X;el(x)), EDY 2= HP (X, el(x)) = e (X).

Proof. For our purposes, we will only need the second spectral sequence. Therefore,
we will only prove the existence of this spectral sequence. The other one follows in a
similar manner.

Suppose X is a finite dimensional CW complex and let X? be the p-skeleton of X
with inclusion X? < X. Define X? = {z¢} for p < 0, where x( is the basepoint of X.
Let d be the dimension of X.

We build the spectral sequence EPa using the exact couple in subsection using
the skeletal filtration of X. Specifically, define EP9 = eP+4(X?/XP~1) and FP9 =
ePt9(XP). Let i,7,k be the maps of this exact couple, following the conventions of
subsection [6.1.11

We have that eP9(SP) = eq(*)lﬂ Consequently,

qu o gPta % Sp H~p+q (5P) Heq >~ OP (X;e(x)).

Notice that the diagram

Ef’q = v (X; eq(*))

i !

EPPHT = OPH (X e (+)

commutes, where 0 is the cellular coboundary map. This implies Eg’q >~ Fp (X ) eq(*)),
as required.

We know that HP (X, eq(*)) is zero for p < 0 and p > d. Thus, the spectral
sequences stabilises. All that remains is to show that the spectral sequence converges
to ePTe(X).

TThis can be proven directly from the axioms of cohomology, or through Browns representability
theorem: Let A be a spectrum representing €. Then we can compute

PSP 2 colim[S™SP, Aptptql 2 colim[%" SO Apig) 2 E9(S%) 22 e%(x).

n—r00
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Define a (decreasing) filtration of €™ (X)

X)) =Fe"(X) D> Flen(X) o ..o Filgn(X) =0

where FPe"(X) = Ker (€"(X) — ¢*(X?P~1)) for p > 0 and FY"(X) = e"(X). We
claim that BRI = Frepta(X)/Frigrte(X).
Consider the long exact sequence for the (r — 1)st derived couple

pp—r+1l,g+r—2 kro pp—r4lgtr—2 i, fp-rgtr—1 Iro ppg ke ppg vy pp—1g+1 Ir pptr—1,q-r+2
EE — I — F! — EPT — P — FY — E¥ .

Since [Pt ¢ ppo bt oo ppo2rtlatarel _ ke xp-2r+1) | the second
F term in the above long exact sequence is 0, for large enough r. This implies EP? is
isomorphic to the kernel of FP*? — FP—hatl

But FP? = i, (FPT71) 50 all the elements of FFY come from FPH—ha—rl —
ePra(XPTr=1) Ifris large enough, ePt4(XP+r—1) = eP+4(X). Similarly, all the elements
of EP~1* ! come from ePt9(X) for large enough r. Thus, EP4 is isomorphic to the
quotient of Ker <?37’+q(X) — Ffﬁl’qH) by Ker (?37?+q(X) — Ff’q>. That is,

E&q = f’péerq(X)/]j’Héerq(X),
as required. ]

This spectral sequence also works for infinite dimensional X. The proof is mostly
the same, but it’s necessary to take limits at some points. See [2| part III, §7]. However,
the finite case will be satisfactory for our purposes.
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Chapter 7

K-Theory of Stunted Projective
Spaces

In this chapter, we will compute the K-theory of stunted projective space and their
corresponding Adams’ operations. This will form a major component of the proof that
RP™ P /RP™ ! is not coreducible. However, we will include every stunted projective
space, for completeness, even if it is not used in the vector fields problem. We will
generally use the notation RP"/RP™ instead of RP}, , to emphasise that we only
consider actual stunted projective space, as opposed to the general definition RP}, =
Th(RP™™™ m¢).
We will proceed by examining

1. the complex K-theory of CP™/CP™,
2. the complex K-theory of RP"/RP™,
3. the real K-theory of RP"/RP™,

forn >m > 0.
This chapter follows section 7 of [I] closely.

Cohomology of stunted projective spaces

In this chapter, we will use the Atiyah Hirzebruch spectral sequence extensively in
the computations of Kp(FP™/FP™). It is therefore convenient to state the relevant
cohomology groups which form the Es pages. When m = 0, these are given by [9,
Theorem 3.19]:

Z if k=mn odd,
ﬁk(RP”;Z)% Zo if keven and 0 < k <mn,

0 otherwise.

71
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g L42) —
0 otherwise.

f[k(CP";Z) ~ Z if k even and 0 < k < 2n,
0 otherwise.

These groups can be computed by examining the cellular chains of FP”. In the real
case, there is one cell in every dimension 0 < m < n and in the complex case, one cell
in every even dimension 0 < m < 2n. For n > m > 0, pruning the first m cells in the
cellular chain of FP™ produces the cellular chain of FP" /FP™. The attaching maps of
the higher-dimension cells remains unaffected, with the exception of the (m + 1)-cell
in the real case and the (2m + 2)-cell in the complex case, which now have trivial
attaching map. Therefore, we compute the cohomology of FP"/FP™ in the same way
as for FP™. For simplicity in writing the cohomology groups, we switch back to the
notation FP? = FP" /FP™~1,

7Z if k=mn odd or k = m even,
H¥(RP?;7Z) = { Zy if k even and m < k < n, (7.1)

0 otherwise.

~ Zo fm<k<n,
HFRPT; Z,) = {72 B =R=T (7.2)
0  otherwise.

~ Z if k even and 2m < k < 2n,
H*(CPy; Z) =
0 otherwise.

The Standard Projection

Definition 7.1. Writing
RP? 1 = §27FL /(1 ~ —z) and CP" = S*"* /(z ~ Az for X € S1),
define the standard projection 7 : RP?"+1 — CP" by n([z]) = [z].

This is well defined since the equivalence classes [x] € RP?"*! are finer than the
equivalence classes [z] € (CP"ﬂ

Note that = : RP?"~! — CP"! is induced by the map R?>® — C” that sends
(1‘1, T, ..., $2n) to (1‘1 +ix0, ..., Top_1 + ixgn).

Using this definition, we see that the image of the subcomplex RP?™~1 ¢ Rp?7—!
is contained in CP™~! ¢ CP"~1.

TThat is, for every € S?"*!, the equivalence class [z] € CP™ contains the equivalence class
[x] € RP?" 11,
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Notation

Let £ and n be the canonical line bundles over RP™ and CP" respectively. If we project
RP” onto RP"~ !, then ¢ over RP™ restricts to & over RP®~!. Similarly for 1. This
justifies not displaying the index n in our notation. We introduce the following elements
A s v

A=¢— € e Kp(RPY),
p=n—e € Kc(CP),
v =cA € Kc(RP™),

where €' is the trivial line bundle. These bundles will play a large role in describing
the K-theory of stunted projective spaces. By the same reasoning as above, we need
not display the index n in the notation for A, 4 and v.

For odd n =2k — 1, we have v = 7*u for p € IN((C((CPk_l) by the following lemma:

Lemma 7.2. Let ¢ be the canonical real line-bundle over RP?" 1. Let n be the canonical
line-bundle over CP" 1. Then c£ = w*n, where c is complexification.

We delay the proof of this lemma, until after we have introduced Stiefel-Whitney
and Chern classes.

Stiefel-Whitney and Chern Classes

Characteristic classes are ways of associating algebraic invariants, specifically coho-
mology classes, to vector bundles. Stiefel-Whitney and Chern classes are two such
characteristic classes, defined for real and complex vector bundles respectively.

All results in this section are well known and therefore we shall omit their proofs.
These can all be found in [10] §3.1].

Recall that Vecty(X) is the isomorphism classes of F-vector bundles over X. We
present the Stiefel-Whitney classes first:

Theorem 7.3. There exist functions w; : Vectr(X) — HY(X;Zs) such that, for all
real bundles E — X,

1. w; is natural: wi(f*(E)) = f*(w;(E)), where f*(E) is a pullback of E, and
[ (wi(E)) is the induced map on cohomology;

2. w(E1 & Ey) = w(Ey) — w(Ey), where w(E) = 14+ wi(E) + we(E) + ... €
H*(X;ZQ);

3. wi(F) =0 if i is greater than the dimension of Hﬂ,

4. the class wi(€) is the generator of H'(RP™;Zy) = Zy, where & is the canonical
line bundle on RP*°.

TThis ensures that the sum w(E) := 1 + w1 (E) + w2(E) + ... is always finite.
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The cohomology class w;(FE) is called the i-th Stiefel-Whitney class of E and w(FE)
is called the total Stiefel-Whitney class of E.

We have a similar theorem for Chern classes:

Theorem 7.4. There erxist functions ¢; : Vecte(X) — H?(X;7Z) such that, for all
complex bundles E — X,

1. ¢; is natural: ¢;(f*(E)) = f*(c;i(E)), where f*(E) is a pullback of E, and f*(¢;(E))

1s the induced map on cohomology;
2. ¢(E1 @ E9) = ¢(E1) — c(Eq), where ¢(E) :=1+c1(E) 4+ c2(E) + ... € H(X;Z);
3. ¢i(E) =0 if i is greater than the dimension of E;

4. the class c1(n) is a generator of H?(CP>;7Z) = 7, specified in advance, where 1
is the canonical line bundle on CP.

The cohomology class ¢;(F) is called the i-th Chern class of E and ¢(FE) is called
the total Chern class of F;

It turns out that, in most cases, the first Stiefel-Whitney classes classify the real
line bundles and the first Chern classes classify the complex line bundles: Recall that
the isomorphism classes of one-dimensional vector bundles Vect:(X) form a group with
respect to the tensor product.

Theorem 7.5. The first class wy : Vecth(X) — HY(X;Zs) is a homomorphism, and
an isomorphism if X is homotopy equivalent to a CW complex. The same applies for
c1: Vectt(X) — H2(X;Z).

Proof of Lemma[7.2. 1f n = 1, then H?>(RP?"~1;7Z) = 0. But the complex line bundles
are classified by their Chern class ¢; in H?(RP?"~1;7Z). Since both c¢£ and 7*n are
complex line bundles, they must be isomorphic.

Suppose n > 1. Now, H?(RP?"~1;Z) = Z,. We will show that the Chern classes of
c€ and 7*n are non-trivial. Then we must have cic€ = 1 = ¢;7*n and so c€ = 7.

To show c¢;c¢€ is non-trivial, it suffices to show that ¢£ is non-trivial. We know that
w(¢) = 1+ x, where z is the generator of H!(RP?"~!;Z,). Let r be the ‘realification’
map, defined in subsection Then w(rcé) = w(€ ® &) = 1+ 22 Tt follows that cf
is non-trivial.

To show cim*n # 0, note first that cyw*n = 7*cin. Since n is the canonical line
bundle, ¢1n is a generator of Z = H?(CP" %;Z) (c.f. [10, Theorem 3.2]). But a
generator is sent to 1 by the map

7~ H2(CP" Y, 7) &5 H2(RP?" 1, 7) =~ 7,,

and so mFcin = 1. O
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7.1 The Complex K-Theory of CP"/CP™

Theorem 7.6. K¢(CP") = Z[u]/{(u"*1). The projection q : CP™ — CP™/CP™ induces
an isomorphism Kc(CP™/CP™) = (pmt1y ¢ Ke(CP™). (That is, Kc(CP"/CP™) is
isomorphic to the ideal of Kc(CP™) generated by u™*). The Adams operations on
Kc(CP™) are given by

k(s k s
k() = ((1+ " - 1)
When & is negative, we interpret the power (1 4 ©)* by the binomial expansion

k(k—1) ,

A+ =1+ku+ TR

which is finite since p"*! = 0.

Since Adams operations are natural, their behaviour on K¢(CP™/CP™) is de-
termined by ¥ : Kc(CP") — K¢(CP") and the isomorphism K¢ (CP™/CP™) =N
(um ) C Z[p)/ ().

Proof. The first statement is a well known result (c.f. [10, Proposition 2.24]), so we
will omit its proof. However, we will take the opportunity to illustrate the power
of the Atiyah Hirzebruch spectral sequence, by computing the group structure of
Kc(CP"/CP™). Note that the spectral sequence (Ef™ d,.) for K¢(CP™/CP™) sta-
bilises on the Fo page. Why? The F» page is given by

Z if g even and 2m + 2 < p < 2n even,

I

Eg’q ~ fgP (CP”/(CPm; K(.qc(*))
0 otherwise.

So the Es5 page looks like, where the squares are Z:

q O m| m| m|

4 O ] O O
2mr‘1+ 2 1 ™ 1 ™ 1 2rZ/L p

| D\D\D D
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As usual, we have omitted many of the differentials. The total degree of every non-zero
term is always even. But the total degree of every differential d,. is odd. Thus, every
differential has a zero term as their source or target. Then

K&(CP"/CP™) = EL P = EB* P =0

if 5 is odd. If s is even then K&(CP"/CP™) 22 EP®™ has a filtration such that the
successive quotients are n—m copies of Z. It follows that K, ¢(CP™/CP™) is free abelian
on n—m generators, for s even. This determines the group structure of K¢ (CP™/CP™).
The generators and ring structure of IN(@((CP”) can be determined using the Chern
classes. See [10, Proposition 2.24] or [1, Theorem 7.2].

To prove the second statement, examine the long exact sequence of the pair (CP™, CP™):

0 — Kc(CP"/CP™) L5 Ko(CP™) 25 Ke(CP™) S ..

So K¢ (CP™/CP™) is isomorphic to the kernel of i*. But the kernel of i* is the subgroup
of K¢(CP™) generated by p™ 1, ™2 .y The second statement now follows.

It remains to compute ¥%(u*). By Theorem we have WE(n) = n¥; that is,
VE(1+p)=(1+ u)’ﬂ It follows that W& (u) = (1 + p)* — 1 and consequently

wE () = (L4 —1),
as required. ]

Define p(™+Y to be the element in K¢(CP™/CP™) that is sent to 4™+ by ¢* from
Theorem [7.6] The following lemma justifies not displaying n in the notation.

Lemma 7.7. The map induced by the inclusion i : CP" /CP™ — CP"*!/CP™ sends
pwmt) e Ke(CP™/CP™) to the corresponding (™t € K¢ (CP™/CP™). Similarly
for the projection q : CP"+1/CP™ — CP"/CP™.

Proof. If you take the canonical line bundle on CP™*! and restrict to CP", the result is
again the canonical line bundle. It follows that i% : K (CP"™!) — K(CP") sends p™*!

to u™*1. Then the result follows from commutativity of the square
K(Cp™+1/CcP™) “C » K(CP"/CP™)
)

Iu(m+1) Iu(m+1)

qt qac
Mm+1 Mm+1

~ 2 % S ~
K (CPntl) i » K(CP").
The second statement follows in the same manner. O

TNote that the multiplicative identity in Kr(X) is the trivial line bundle €'.
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7.2 The Complex K-Theory of RP"/RP™

The complex K-theory of RP"/RP™ is more difficult. We need to consider two cases,
m = 2t and m = 2t + 1.
Consider the diagram

Rp2"+l — T CP"

! I

RP2+1/RP% --“1, CP"/CP.
We know that the image of RP?* ¢ RP?"*! under 7 is contained in CP* ¢ CP". So
g o sends RP? to the basepoint. Thus, the quotient map w; exists. In an analogous
way, the standard projection 7 also factors to give wy : RP?"+1 /RP2+1 5 CP"/CP?,
Define yftﬂ) = wip®* and Vgtﬂ) = wip . Note that ufl) = v, by Lemma
The following lemma explains the choice of notation.

Lemma 7.8. We have

(t+1) ‘*V£t+1)

A (t+1) _ s (t41) _

* +1
and qiv; Qs

AR

where i : RP?"H1 /RP2HL 5 RP2n+L /RP2 s the inclusion and ¢ : RP?"T1 — RP2n+1 /RP2,
q2 : RP?HL 5 RP2HL /RP2HL gre the quotient maps. Moreover,

1 « (t+1
V§t+ ) _ quét-i- ),
where g3 : RP?"H1 /RP2 — RP2"+1 /RP?+1 s the quotient map.
Proof. The diagram

Rp2n+1 o cp»

q2

Q

¥

q1 w

Rp2ntl /Rp2+L =2 CP"/CP!

v

RP2n+1/RP2t

commutes. Then the first two results follow from the induced diagram on K-theory:
The first result is immediate and we obtain the second by observing

w (t+1)

1
gy = gty

for j =1,2.
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The final statement follows from the fact that the triangle

RP2n+1/RP2+L =2, CP"/CP?

w1

RP2n+1 /RP2t

commutes. O

There are statements analogous to Lemma for Vitﬂ) and Vét-’_l) justifying why
n does not appear in the notation.

We are now in a position to state the complex K theory of RP™/RP" and the
corresponding Adams operations.

Theorem 7.9. 1. Suppose m = 2t is even. Then there is a group isomorphism
Kc(RP"/RP?) = Zy; where f = |3(n—m)].

(a) The (non-unital) ring Kc(RP™) is generated by v with two relations
V2= —2u and v = 0.

(1t follows that ofy = —of-1,2 = =i+l = 0.)

(b) For m # 0, the projection q : RP™ — RP"/RP? induces an isomorphism
from Kc(RP™/RP?) onto the ideal of Kc(RP™) generated by v'™!.

The Adams operations are given by

D ik odd,

ko (t+1
‘I’tc’/i ) = .
0 otherwise.

2. Suppose m = 2t + 1 is odd. Then there is an isomorphism (of non-unital rings)

Kc(RP"/RP?HY) =~ 7 @ K¢ (RP™ /RP?H2),

where the first summand is generated by V§t+1) and the second summand is em-

bedded by the quotient q : RP" /RP?+1 — RP"/RP2+2,

The Adams operations are given by

t+2 .
\IJ(IEV(HU — kt+ly(t+1) + %kHlIé ) if k even,
2 i %(ktﬂ - 1)V£t+2) otherwise.

Since Adams operations \I!(’é are natural, the value of \I/é“: on the second summand
of Kc(RP"/RP?*t1) =2 7 @ K¢ (RP"/RP?%2) is given by part 1. of the above theorem.
We can write K¢ (RP"/RP?!) explicitly as

V§t+1)Z2f[V§t+1)]/<<V£t+1))2 _ (_2)t+1y§t+l)>'
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Proof. We leave the results on the Adams operations to the end of the proof. We first
examine the Atiyah Hirzebruch spectral sequence (E;™*, d,) of Kc(RP™/RP™).

Recall that
Z if q even,

1

K2 (x
cl*) 0 otherwise,

by Bott periodicity in chapter 1. Then by equation [7.1] the second page is given by

Z  if g even and either p =n odd or p = m + 1 even,
EP~ HP (RP"/RP™, K&(%)) 2 Zy if m+1 < p<mn even and q even,

0 otherwise.

We will call the set of terms { EX" "7} ,cz the main diagonal of the r-th page. We know
that K¢ (RP™/RP™) is built from the groups E£ ? along the main diagonal. Therefore,
we often need only examine the fourth quadrant of each page, if the differentials from
the other quadrants don’t interact with the fourth quadrant. So this quadrant will be
our main focus. For example, the fourth quadrant of the second page is drawn below,
for n,m odd. As usual, we have omitted many of the differentials. The circles are Zs
and the squares are Z.

m—+1 n p
\
4 O ° ) [ ] O
: L
: .

q

Write f = [5(n — 2t)], where m = 2t or 2t — 1, according to whether m is odd or
even. (Note we have changed m = 2¢+1 in the theorem statement to m = 2t —1.) The
number of Zs along the main diagonal of Fs is f. These account for all the non-zero
terms on the main diagonal, if m is even. If m is odd, then there is an additional Z
term, at £y tHTmL
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We want to show that E% ¥ = EF™P. Every non-zero term E5?, except when p = n
odd, has even total degree. But d, has odd total degree. So the target or source of
every differential is 0, except perhaps differentials with targets in EX?, for p = n odd
and ¢ even.

By our proof of the Atiyah Hirzebruch spectral sequence, we know that IN((C(X ) is
filtered by the images of the groups IN(C(X/XP_I). So the elements

V§t+i) c k@(RPn/RP2t+2i_l),

for i = 1,2,..., f, yield generators for the filtration quotients. (We know they are
generators since these filtration quotients are built from the E5? terms, for p # m odd.
So the filtration quotients are Zy or 0. Thus, any non-trivial element is a generator.)
Then, by passing to quotients, they yield generators for the Ey terms Zo along the

EJTHTm 1 ferm when m is odd. Similarly, by passing

main diagonal, apart from the
to quotients, Vét) yields a generator for Z = E?H’_m_l, when m odd.

Since these generators come from the filtration of K¢ (X)), they must survive to the
E+ page. Thus, the differentials out of these terms into Fy'? = Z (with n odd, ¢ even)
must be zero. Similarly, the differentials out of these terms into E;"? must be zero.
Therefore, for all r, the differentials d, with target or source on the main diagonal are
zero and consequently, B P = EP 7P,

We conclude that:

1. If m = 2t is even, then K¢(RP™/RP™) has a filtration with successive quotients
f copies of Zo, with generators the images of yétﬂ), - yétﬂc). So IN(@(RP”/RP%)
is embedded in K¢(RP™). Moreover, this embedding sends uftﬂ) to v/*1. In the
case t = 0, the generators are v, 2, ..., v/, so I?@(RP”), as a ring, is generated by
v.

2. If m = 2t — 1 is odd, then we have an additional Z term in the filtration
of Kc(RP"/RP™). This term comes from EJ"Th""1 — K (RP2/RP2-1)
and is generated by Vgt). By examining the filtrations of K¢ (RP"/RP?') and
Kc(RP"/RP2~1) we see that
0 — Kc(RP"/RP?) L5 Ko (RP"/RP*1) — Ko(RP*/RP?1) 2 Ko(S2) =7 — 0
forms a short exact sequence, with I/ét) mapping to a generator of Z. Such a short
exact sequence always splits, so we get the first half of part 2 of the theorem:

Kc(RP"/RP?1) = 7 @ K¢ (RP"/RP?).
All that remains is to prove that K¢ (RP"/RP2) = Z,; and the two relations
v? = —2v and v/ = 0,

(and the computation of the Adams operations). To do this, we first prove the relation
v? = —2v. We know that w; : Vecth(RP?) — H'(RP™;Zy) = Zs is an isomorphism.
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It follows that v ® v = €' for all real line bundles v on RP™. In particular, £2 = ¢! so
(e! + ))? = €!. By expanding this,

A= 2\ (7.3)

Then v? = ¢(\?) = —2¢(\) = —2v, as required.

This relation resolves the question of extensions in the filtration of K¢(RP™) in
point 1. above. As previously noted, in this case the generators of the quotients are
v,v2,...,v. Then v? = —2v forces the extension to be Z,s. We illustrate this by the

specific case f = 2: There are, naively, two possible extensions
1. Zy x Zs generated by (v,0) and (0,2?), or
2. Zy.

The first possibility cannot satisfy the relation »? = —2v, so it must be the second
extension. This argument extends to general f, since it shows that IZ'(C(RP”) cannot
be a product of groups.

Thus, Kc(RP™) 2 Z,;. This forces the second relation in part 1.(a) of the theorem:
vI+1 = 0. The general result K¢(RP™/RP2) = Z,; then follows by part 1.(b) of the
theorem, which we proved above.

Finally, we compute the Adams operations ‘II(IE We do the m = 2t case first. From

above, £2 = 1 and so ¢£2 = 1. As we know how Adams operations behave on line
bundles,

1 if k even,

\Iffj(cﬁ) - c€ if k odd.
Since v = ¢ — 1, we have
\I/(If;(y) _ 0 ?f k even,
v if k odd,
from which we obtain
\I’(IE(VS) _ 0 if k even,

S

v® otherwise.

The computation of \I’fé(yftﬂ)) then follows by naturality

il = q*y£t+1) if k£ odd,

wqk [, (tF1) ko t+1
el ! ) el ) 0 otherwise.

Since ¢* is injective, the desired result follows.
Now we move onto the m = 2t — 1 case. From the structure K¢(RP"/RP?~1) =
7. @& Kc(RP™/RP?!), we have

\Ifgé(yét)) = al/ét) + bIJEHI),
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for some a € Z,b € Zys. Let i : S?* = RP? /RP?~1 — RP"/RP*~! be the injection.
Then, remembering that Vét) doesn’t depend on the index n,

cwét) = i*‘llfé(uét)) = qlfé(i*yét)) = kti*l/ét) = k:tl/ét)
where the second last equality comes from Corollary Thus, a = k*. To compute
b, consider ¢ : RP"/RP2-2 —, RP"/RP%*-!. By Lemma gl = . Also,

w (1) _ o (B2 o (1)
qvy = (1) =2, 50
t t x t « (t t
ant’ — 2ot = Uk () = Wi (qy) = wE("),
in Kc(RP"/RP2-2) = Zory. If k is odd, we get
k‘tuft) — ZbZ/Y/) = Wé(u{t)) = l/§t),

and so b = (k' — 1) € Zys. If k is even, we get ktvgt) — 2b1/§t) =0and sob=3k! €

Ly . O

7.3 The Real K-Theory of RP"/RP™

Define ¢(n,m) to be the number of integers p such that m < p < n and p=0,1,2, or
4 mod 8.

Theorem 7.10. 1. Suppose m Z —1 mod 4. Then there is a group isomorphism
Kr(RP"/RP™) = Zys where f = ¢(n,m).

(a) The (non-unital) ring Kg(RP™) is generated by A with two relations, de-
scribing multiplication

A2 = —2)\ and M1t = 0.

(As in the previous theorem, this implies 2f\ =0.)
or m the projection q : — induces an isomorphism
(b) Form # 0, the projection qi : RP™ — RP"/RP™ ind ; ohi
from Kg(RP"/RP™) onto the ideal of Kr(RP™) generated by A9, where

2. Suppose m = —1 mod 4. Writing m = 4t — 1, we have
Kg(RP"/RP*1) = 7 @ Kg(RP"/RPY),

where the second summand is embedded by the quotient gy : RP"/RP#*-1 —
RP" /RP*.

For clarity, we delay all proofs and present the results on the Adams operations.
First we need to develop some notation for the generators. Let m Z —1 mod 4 and
g = ¢(m,0). Define )\gg+1) to be the element in Kr(RP™/RP™) that is mapped to
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A9+ € Kg(RP™) by ¢f. Then the Adams operations on Kg(RP"/RP™) are completely

described by their value on )\gg+1)'

Now let m = 4t — 1 and define g = ¢(4¢t,0). Write )\(29) for a generator, which we
define below Lemma of the first summand in

Kg(RP"/RP*1) =~ 7 @ K (RP"/RPY).
(Here g = ¢(m, 0) as before.)

Theorem 7.11. The Adams operations W : Kg(RP"/RP™) — Kg(RP"/RP™) for
m % —1 mod 4 and m = —1 mod 4 are given by

AT itk odd,

\I/k )\(9+1) —
r 0 otherwise,
and
).
@) _ oy, ) 3= DAY ifk odd,
UMy’ = kA5 + (g+1)
TEHNY otherwise,

respectively, where m = 4t — 1 in the second case.

To prove Theorem [7.10, we split it into a number of smaller, more manageable
results. But first we need some preliminary lemmata. We begin by examining the
relevant spectral sequence.

Lemma 7.12. Let (E;"",d,) be the Atiyah Hirzebruch spectral sequence associated with
I?R(RP”/RPm). There are ¢(n,m) non-zero groups along the main diagonal of the Es
page. If m = —1 mod 4, then one of these groups is Z and all the others are Zs.
Otherwise, they are all Zo.

Unlike in Theorem [7.9] we will not show directly that these groups survive to the
F page. Instead, we will leverage the results from Theorem to get that they

survive and that the extensions are trivial.

Proof. Recall real Bott periodicity from chapter 1:

Zo ifg=6o0or7 mod S8,
Ki(*)=<(¢Z ifg=0o0r4 mod S8,

0 otherwise.

We compute the second page E5? = HP (RP"/RP™, K{(*)) using equations and
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q= 7 mod 8 E[p (RP”/RPm7 Zg) ZQ ZQ ZQ ZQ ZQ ZQ
q= 6 mod8&8 HP (RP”/RPm; Zg) ZQ ZQ ZQ ZQ ZQ ZQ

g=4 mod8 HP (RP”/RPm; Z) Z Zo Zo Z
g=0 mod8 HP(RP"/RP™Z) | Z Zs Z, Z
even odd even odd even odd

p=m+1 m+1<p<n p=n

As in the Theorem |7.9] we want to find the non-zero E% P terms and thus we are
mostly concerned with the fourth quadrant. As an example, the fourth quadrant of the
second page is drawn below, for n,m odd. The circles are Zs and the squares are Z.

By inspecting the Fy page, we reach the following conclusions:

1. If m+ 1 # 0 mod 4, then the only non-zero terms along the main diagonal of
Ey are Zy. But EY™? is non-zero if and only if p = 0,1,2 or 4 mod 8 and
m + 1 < p < n. Therefore, there are ¢(n, m) copies of Zs on the main diagonal.

2. If m+1=0 mod 4 then E;nﬂ’*m*l = 7. All the other non-zero terms along
the main diagonal of Ey are Zy. Moreover, as before, F5' "7 is non-zero if and only
if p=0,1,20r 4 mod 8 and m + 1 < p < n. Therefore, there are ¢(n,m) — 1
copies of Zo and one copy of Z on the main diagonal. O
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Lemma 7.13. Ifn=0,6 or 7 mod 8 then the complexification map
¢ : Kp(RP") — K¢(RP™)
s an isomorphism.

Proof. We know that IN(@(RP”) is generated by v by Theorem By definition v = ¢,
where A = £ — ¢! € Kg(RP"). Thus, ¢ : Kg(RP") — K¢(RP™) is always surjective.
By the above lemma, Kg (RP™) has a filtration whose successive quotients are ¢(n, 0)
copies of Zy. It follows that number of elements in IN(R(]RP") is at most 2#("0),
When n = 8t + 6, or n = 8t + 7, we have ¢(n,0) = 4t + 3. So Kr(RP") contains at
most 24*3 elements. But by Theorem K¢ (RP™) contains exactly

olanl — 9dt+3

elements.

24143 elements and consequently, c is

Since c is surjective, I?R(RP") must contain
an isomorphism.
When n = 8, a similar argument applies: ¢(n,0) = 4t and |n| = 4t so Kr(RP")

and K¢ (RP™) have the same number of elements. O

Lemma 7.14. Part 1.(a) of Theorem : There is a group isomorphism Kg(RP™) 2
Zos where f = ¢(n,0), and as a ring Kg(RP") is generated by \ with two relations,
describing multiplication

A2 = —2X and N T! = 0.

Proof. Theorem and the above lemma show that IN(R(RP”) > Zos, for n = 0,6 or
7 mod 8. In this case, we also have that A generates I?R(RP”), since cA = v generates
Kc(RP™),

Now reconsider the spectral sequence (E;™*, d,) for Kg(RP"). Along the main
diagonal of the Ey page, there are ¢(n,0) copies of Zy. All other terms on the main
diagonal are zero. If n = 0,6 or 7 mod 8, then all of the main diagonal terms on the
FE5 page must survive to the F, page. Otherwise, IN(R(RP”) could not be in bijection
with K¢ (RP™).

We want to show that this is true for general n. Fix some n and choose n > n with
A =0 mod 8. Let (Ef*,d,) and (E*,d,) be the spectral sequences associated with
Kg(RP") and Kp(RP") respectively. Note that the Ey page is (roughly) a truncated
version of the E» page. The inclusion map RP” — RP™ induces a map of spectral
sequences E:* — E7*. Tt follows that if dr is zero then the corresponding d, is also
zero. Therefore, all the main diagonal terms on the F» page survive to the E., page.
However, it is not immediately obvious that what the extensions of the filtration for
Kg(RP") are.

Note that we already showed A2 = —2). See equation in the proof of Theorem
m Then by the same reasoning as in the proof of Theorem the relation A2 = —2\
resolves the question of extensions for general n. Therefore ,we have I?R(]RP") = Zos
generated by A. The second relation M*! = 0 follows from the first and the fact
that2/\ = 0. O
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Lemma 7.15. Part 1.(b) of Theorem [7.10: Suppose m # —1 mod 4 and m # 0.
There is a group isomorphism Kg(RP"/RP™) = Zo; where f = ¢(n,m). Moreover,
the projection ¢ : RP™ — RP"/RP™ induces an isomorphism from Kg(RP"/RP™)
onto the ideal of I?R(RP”) generated by N1, where g = ¢(m, 0).

Proof. Consider the exact sequence

*

Kz(RP"/RP™) I Kp(RP™) L5 Kp(RP™).

We know that A € Kg(RP™) is sent to A\ € Kg(RP™) by i*. Therefore, i* is surjective
with kernel

Keri* = {0, 9#(m0) ) 9 x 9#(m0) ) 3 5 g8(m0)\  (96(n0)=d(m0) _ 1)2¢(m70>A} .

Thus, Keri* has 27 elements, where f = ¢(n,0) — ¢(m,0) = ¢(n,m).

When m # —1 mod 4, there is a filtration on Kg(RP™/RP™) such that the suc-
cessive quotients are f copies of Zy. Thus, Kg(RP"/RP™) has at most 2/ elements.
By exactness, it follows that

1. Kg(RP™/RP™) has exactly 2/ elements;

2. The map ¢ is injective and therefore embeds Kg(RP"/RP™) into Kr(RP™) as
the ideal Ker i* generated by 2¢9(m0)\ = £ ¢(m.0)+1 O

We have now proved part 1. of Theorem We move onto part 2.

Lemma 7.16. Part 2 of Theorem[7.10: Suppose m = —1 mod 4. Writingm = 4t—1,
we have

Kg(RP"/RP*~1) =~ 7 & Ky(RP"/RP*),
where the second summand is embedded by the quotient gz : RP"/RP#~1 — RP™ /RP.

Proof. 1t suffices to show that
0 — Kg(RP"/RPY) L5 Kp(RP"/RP* 1) 2 Kp(RPY/RP¥ 1) = Kp(5*) =7 -0
is a split short exact sequence, where 43 is the obvious inclusion map. Such a short exact

sequence always splits, so we need only show that g5 is injective and " is surjective.
In Lemma we showed that the map

Ke(RP"/RPY) Ly fp (RP?)

is injective. Since ¢; factors through ¢f, it follows that ¢3 is also injective.
We will now show that 45 is surjective. Consider the commutative diagram, with the
bottom row and the middle and right columns exact and every map above is induced



7.3. THE REAL K-THEORY OF RPY /RPM 87

by an inclusion or a projection, except d which is the connecting homomorphism in the
relevant long exact sequence.

= [}R(Sélt—l) — [}R(RPM_:[/RPM_Q) _ [}R(RP#—l/RP#—Z)

| I

7 = Kg(S%) = Kg(RP%/RP4-2) «+ 1 Kp(RP"/RP*-2)

jif Tﬂé

K} (RP"/RP) J Ke(RPU/RP41) « 2 Kp(RP?/RPU-1).

We immediately see that j* and j3 are surjective, since Kp(RP4~1/RP4-2) = (.
By Lemma Kg(RP*/RP¥-2) = 7, and i* is a surjection.
Thus jj5 = i]j5 is a surjection. But j] is a surjection from

Kp(RPY/RP?1) = Kp(S*) > Z

to Zy, which means j is the map z — 2z mod 2. It follows that some odd number is
in the image of 75. Let a be the smallest positive odd number in the image of i5. Then
a € Ker§ and so Z, embeds in Im . This implies §(1) has odd order.

Recall the spectral sequence for K (RP™/RP4t). We know I?]ll{(RP" JRP#) is built
from the groups ERP , which are in turn built out of the groups E¥ 7P But all E? =P
are either zero, Zs or Z. This means that there are no elements of odd order in EDP ,
except zero, and therefore, no elements of odd order in I?[}&(RP” JRP4) . except zero.
Thus, (1) = 0, which implies Im i} = Kerd = [?R(RP‘“/RP‘“A). So % is surjective,
as required. ]

We have now proven Theorem [7.10] Before proving Theorem [7.11] we need to
construct the generator )\gg). To do this, we state the following result whose proof
requires material beyond the scope of this thesis.

Lemma 7.17 [Il Lemma 7.7]. If n = 0,6 or 7 mod 8 then the complezification map
¢: Kg(RP"/RP*™1) = Kc(RP"/RP*1)

s an isomorphism for t even and a monomorphism for t odd.

In the case n = 0,6 or 7 mod 8, we define Aég) € Kg(RP"/RP*~1) as follows. If
t = 2u even, then g = ¢(4¢,0) = 4u and we can define )\2g to be the unique element
that is mapped to I/ég) by c¢. If ¢t = 2u+ 1 odd, then ¢ = 4u + 3 and we define
)\(29) = —ru§4u+2), where r is the ‘realification’ map. With some work (c.f. proof of
lemma 7.7 of [I]), one obtains A € Kp(RP*/RP4-1). So we indeed have that A\

is a generator of Z in
Kg(RP"/RP*1) =~ 7 @ K (RP"/RPY).

If n # 0,6 or 7 mod 8, we take some 7 > n with 7 = 0 mod 8. Define )\ég) €
Kp(RP™/RP4~1) as the image of AYY € Kz(RP"/RP*~1) under the map induced by



88 CHAPTER 7. K-THEORY OF STUNTED PROJECTIVE SPACES

the inclusion. This definition doesn’t depend on the choice of 7 since, as we decrease
n, each )\;g ) map into each other.
Note that the image of )\ég ) under the map

Kg(RP"/RP*~1) & Ko (RP"/RP1) L Ko (RP)

is 9. Since ¢ commutes with ¢*, the generator )\gg) maps to A9 € IN(R(]RP”) under
q* : Kr(RP"/RP*~1) - Kp(RP"). This explains the choice of notation.
We can now compute the Adams operations:

Proof of Theorem[7.11 To start with, assume m # —1 mod 4. The method in the
proof of Theorem is also applicable here: we know &2 = 1 and we know how Adams
operations behave on line bundles, so

1 if k even,

Uk(€) =
w(6) ¢ if k odd.

Then we can compute the Adams operations for A = & — 1:

0 if k even,

TE(N) =
RN =1 if k odd,

from which we obtain
\I/{f{()\s) _ 0 if k£ even,
A% otherwise.

The computation of \I']’fg()\gtﬂ)) then follows by naturality

AL = gAY it s odd,

RO Y) = WO = _
0 otherwise.
Since qj is injective, the desired result follows.
Now assume m = 4t—1. We will again leverage the known results for K¢ (RP™ /RP™)
by passing through the complexification map ¢. Specifically, if n = 0,6 or 7 mod 8,
then we know by Lemmata and that ¢ is injective. Moreover, the complexifi-
cation map commutes with the Adams operations. Thus, in the case t = 2u even, we
have g = 2t and

gy (9+D) if k even,
R (O) = WR4") = kP + 92 T |
5(k9 = 1)1y otherwise.
k2 e( ATy if k even,

— K2te(A\9)y 4
(27) (k2t—1)c()\§g+1)) otherwise.

NI N

as required. The case when t is odd follows similarly.
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Finally, if n # 0,6 or 7 mod 8, then we can embed Kr(RP™/RP™) into Ky (RP™ /RP™),
for some 7 > n with 7 divisible by 8. The Adams operations on Kg(RP"/RP™) then
follow by naturality. O



90

CHAPTER 7. K-THEORY OF STUNTED PROJECTIVE SPACES



Chapter 8

Proof of the Main Theorems

In this chapter, we prove the two main theorems (1.5 and [1.3), thereby resolving the
vector fields problem.

8.1 Proof of Theorem [1.5|

Recall that we defined n = (2a + 1)2°,b = ¢ + 4d and p(n) = 2° + 4d. In this section
we prove Theorem which states that RP. ™) s not coreducible, for d # 0. Since
we have proved the main result (theorem using Steenrod squares when d = 0, we
are not concerned with the coreducibility of RP 7 ™) when d = 0.

The following is one attempt at proving Theorem It S L RP1+k ENCIN
degree 1, then the induced map on ordinary cohomology

7= H"(S™,Z) + H"(RP"™*:Z) « H"(S™,Z) = Z

must be the identity. If n > 0 is odd and k > 1, then H"(RP?**) = 0. But the identity
map Z — Z does not factor through 0. Thus, RPZH“ cannot possibly be coreducible.

For n not odd, we need a stronger test to prove that RP?L‘H‘: is not coreducible. It
turns out that K-theory provides this stronger test. That is, we will show that

Kr(S™) <& Kp(RP™)) L7 Ry (sm)

cannot be equality, by using the results on stunted projective spaces from the chapter
7. Specifically, we will use the fact that I?R(RPZH (n)) splits as a direct sum, with
one summand generating I?R(S”). Then we will use Adams operations to derive a
contradiction.

To prove this theorem, we will need the following easy number-theoretic result,
whose proof is delayed until the end of this section.

Lemma 8.1. If m = (2a' + 1)2¥ with b > 1, then 3™ — 1 = 2"+2 mod 2V'+3.

Proof of Theorem[1.5 Since d # 0, we know n =0 mod 8. Recall the function ¢(p, q)
whose value is the number of integers s such that ¢ < s <pand s =0,1,2 or 4 mod 8.

91
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We compute
¢ (n+p(n),n) = ¢ (p(n),0) = ¢(84,0) + $(2°,0) =4d +c+ 1 =b+ 1.
By Theorem

Kr(RP" () /RP"™) = Z @ Zgp 11

where the first summand is generated by )\gﬁl) and the second by )\gﬁl), with g =

$n. Recall that the second summand is an embedding j* : Kg(RP™() /RP™) —
Kgr(RP"tr(") JRP"1) induced by the inclusion. From the split exact sequence in the

proof of Lemma,

Kr(RP™™ /RP™) Ly R (RP7H(M) /RPr-1) ) Ko (RPP/RPL) 2 7,

we can conclude that i*)\ggﬂ) =0 and i*)\gﬁl) is a generator y of Kg(S") 2 Z.

Now suppose, for contradiction, that we had a map f : RP?+e(®) /RP"! — S™ such
that the composition with ¢ has degree 1. Then f*i* is multiplication by one and so
ffi*~y = . Therefore,

f*’Y _ NAgg'i‘l) + )\gg'i'l)

for some integer V.
By naturality of the Adams operations,

Wy = Wy = wh (NPT )

for all integers k.
We know how \I’ﬁ acts on S™ by Corollary and on RP"+r(7) /RP"~! by Theorem

[7171] so we get
FH°123) = RPN 3 (02— 5) (D A
where 6 = 0 if £ even and 1 otherwise. Then

km/ZN)\ggH) + km/Q)\gg—i-l) _ km/Q)\gg-H) + % (km/2 _ 5) )\594‘1) + §N AT

<N - ;) (k72 = 5) A —o.

Since )\gg+1) is a generator of I?R(RP"J”"(”) JRP"™) = Zop11, it follows

which factors to

<N _ ;) (km/2 _ 5) =0 mod 20+1,
or

(2N —1)(k™? —6) =0 mod 2"+2,
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n

for all k. Now Lemma gives us a contradiction in the case k = 3: taking m = % in
the lemma, we have ¥’ = b — 1 and so
3n/2 1= 2b+1 mod 2b+2
which implies
M(3"2—6) =21 2£0 mod 20+2
for any odd M. O

Proof of Lemma[8.1 Firstly, we prove by induction on b’ that
32 1 =942 od 2V

for & > 1. In the case b’ = 1, the result is true since 32" —1=28. In the step case, we

32 = <32b’ - 1) (32” + 1> .

By the induction hypothesi/s, 32" 1 =2V+2 4 q2b/+3 for some integer ¢. Also, since

have

32 =1 mod 8, we have 32" =1 mod 8 and consequently 32" 41 =2+ r23 for some
integer r. Thus,

321)/+1 —1= (2b/+2 + q2b/+3) (2 + 7"23) =2V'+t3  mod 2b/+4,

which proves the induction step.

, 2
Now, we have (32b - 1) =0 mod 2V'*3 by this induction result and consequently

322" =237 —1)+1=2"341=1 mod 2""3.
Then 3202 =1 mod 2¥+3 5o
gm 1 =32 30202 | g2y gt42 p0q o3,

where the last equivalence follows by using the induction result. O

8.2 Proof of Theorem [1.3

We need one final result before we can prove Theorem

Theorem 8.2. In the stable homotopy category, for n > 0,
—k +k
LFRP

only depends on k modulo 2909 where ¢(n,m) is the number of integers p such that
m<p<nandp=0,1,2, or4 mod 8.
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This theorem is called James periodicity, after I. M. James.
An immediate corollary, is that

—k +k o y—k—qfppntitaf
YTPRPTF 2 qRPk+qf ,
where f = 290 and consequently
+k ~ y—qfppntktaf
RP, ™ = X1 RP. s
for all integers q.

Proof. We may suppose that n > 0, since for n = 0, the theorem is a tautology. We
know that RP?T* = Th(RP", k€) only depends on the class of k¢ in Kg(RP") by
Proposition Equivalently, ©~*Th(RP", k¢) only depends on k& — €* in I?R(RP").

Recall from Theorem that A = £ — €' is the generator of I?R(]RP”) and has
order 2¢(™9) Thus, k¢ — € = kX depends only on k modulo 200, O

Theorem n There does not exists p(n) vector fields on S™~1.
We will prove this by contradiction, using Theorem proved above.

Proof. Since we have already proved this result when n is not a multiple of 16 in chapter
3, we may assume that d # 0, where n = (2a + 1)2° with b = ¢ + 4d.

Suppose there did exist p(n) vector fields on S"~1. Then there exists p(n) vector
fields on SP"~! by Lemma for all p. By Lemma there exists a section
V,

pn,p
2(pn — p(n) —1). (The fact we need p odd will only become apparent at the end of the
pn—1

pn—p(n)—1

(n)+1 — SPr=1 We chose p to be odd and large enough such that pn — 1 <

proof.) Then we can apply Corollary [1.42 We obtain a map SP"~! — RP

giving a homotopy equivalence

pnfl pn—2 ~ pn—l
S v RPpnfp(n)*l - RPpnfp(n)*l'

It follows that there is a weak equivalence between the suspension spectra of the
above spaces. By taking Spanier-Whitehead duals, which preserves wedge sums, we
have

- 1 - + ) ~ - +
sty sRP_IVAM o SRpZPA),

pn—2
pn—p(n)—1
Since X is an equivalence in spectra, we can take its inverse to get a weak equivalence

where we have compute DRP using Theorem 5.17

- - +()N - +()
S7Pr v RPN e RPN

We now want to apply James periodicity so that we can move into the stable range.
We know that RP:£Z+’D (n) only depends on —pn modulo f = 29((1):0) and RP:?ZZ)(”)
only depends on —pn + 1 modulo f’ = 2¢(°(M)=1.0) " Since either f = f' or f = 2f’, we

have that RP:gZi’f(n) only depends on —pn + 1 modulo f. Thus,

—pn —qf af—pntp(n) ~ y—qf qf—pn+p(n)
STV ETYRP o 2 ETYRP T
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or

qf—pn qf—pn+p(n) ~ qf —pn+p(n)
s v RP!If—pn—H = Rqu—pn )

for all q.
We choose ¢ so that:

1. We have g f—pn > 0. This ensures that RPZ;:Z Z+p (") & Rpaf—pnto(n) /Rpaf—pn—l

is actually a stunted projective space and S%~P" a sphere.

2. We have p(n) +1 < qf — pn. By Corollary this ensures that we are in the
stable range. Then the weak equivalence

af—pn qf—pn+p(n) ~ ppaf—pntp(n)
5 v RP‘]f—P'fH-l = Rqu—pn )

corresponds to a homotopy equivalence

af—pn qf—pn+p(n) qf—pn+p(n)
S v RPQf—pTH‘l - Rqu—pn )

of spaces.
3. We have ¢f is a multiple of 2n.

Therefore, the space RP%/—Pr+e(n) JRP4S—Pn—1 i5 coreducible. Since p is odd and ¢f
is a multiple of 2n, it follows that m = qf —pn is an odd multiple of n. So p(m) = p(n).
Moreover, m is divisible by 16, since n is. Thus,

RP4/—pntp(n) /quffpnfl — Rpmte(m) JRP™1

is not coreducible. But this contradicts Theorem [L.5l O
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Appendix A

Some Category Theory

A.1 Limits

Definition A.1. Let I be a (small) category. A diagram of shape I is a functor
D:1—%.
A cone of a diagram D is an object A € € with a collection of maps (A EiN D(i))ier-
A limit of a diagram D is a cone (L, { fi }ier) such that, for every cone (A, {f/}icr),
there exists a unique map f: A — L with

s

b

<

commuting, for all 7 € I.

Definition A.2. Let I be a (small) category. A cocone of a diagram D : I — ¥ is an
object A € € with a collection of maps (D(i) ER Aier.

A colimit of a diagram D is a cocone (L,{f;}icr) such that, for every cocone
(A, {f!}icr), there exists a unique map f: L — A with

commuting, for all ¢ € I.

Direct Limits

Definition A.3. Let I be the category
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A directed system is a diagram of shape Ilﬂ A direct limit (or inductive limit) is the
colimit of a directed system. If

A — Ay — A3 — ...
is a directed system, define colim,, ., A, to be the associated direct limit.
Proposition A.4. Modules (and therefore abelian groups) always have direct limit.
We omit the proof of this proposition.
Proposition A.5. Suppose we have a sequence of sets with maps
ST — Sy — S35 — ...
that are injective. Then the direct limit of this sequence exists.

Proof idea. Define an relation on | J, S; by the following z ~ y if z € S; and y € S; with
i < j and x gets mapped to y by S; = Six1 — ... = S;j. Take the reflexive symmetric
closure of ~. Then ~ is an equivalence relation on (J; S;. The set of equivalence classes
satisfies the universal property. O

This proves that the direct limit
C = colimC,

n—oo

in Definition of a stable cell always exists.

A.2 DMonoidal Categories

Definition A.6. A monoidal category is a tuple (¢, ®,a, S, t) where
1. ¥ is a category,

2. ® 1€ X € — % is a bifunctor, callend the tensor product,

(=23

3.a:(—®—-)®— = —®(— ® —) is a natural isomorphism, called the associator,

4. § € €, called the unit object.
We require a monoidal category to satisfy two axioms:

1. the pentagon axiom (c.f. [8, §2.1]), and

2. the unit axiom: there are natural isomorphisms Ax : S®X = X and px : X®S5 =
X, called the left and right unitors respectively.

A monoidal category is associative if its associator a is the identity. A monoidal
category is strict if its associator and its left and right unitors are the identity.

A monoidal category is symmetric if there exists a natural isomorphism X @ Y —
Y ®X.

fActually, a directed system is more general than this: let I be a small category with a preorder

(reflexive and transitive relation) on objects such that every pair has an upper bound. Further, the
morphisms of I consist of f;; : ¢ — j for all ¢ < j such that f;; = id; and fjro fi; = fix forall¢ < j <k.
A directed system is a diagram of shape 1.
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A.3 Duals

Definition A.7. Suppose % is a monoidal category with unit object I. A dual of an
object X € ¥ is an object X* with maps

e: X@X* > Sandn:S—> XX,
such that the two pentagon diagrams commute (c.f. [8, §2.10]).

If € is an associative, symmetric monoidal category, then the pentagon axioms can
be restated as requiring

XS xox 09X CY do X and X* 95 & x* 0 X o X* 2L 50 x*

to be the canonical isomorphisms.

Theorem A.8. 1. If X* is dual to X, then for allY and W, the map

—onopt
Hom(Y ® X*, W) =25 Hom(Y @ X* @ X, W ® X) —" Hom(Y, W @ X)
is an isomorphism, where py is the natural isomorphismY ® S 2 Y.

2. If X* is a dual of X, then X is a dual of X*.

A.4 Internal Hom
Definition A.9. Let € be a monoidal category. An internal hom in % is a functor
[—,—]: €PxEC =€
such that for every object X € €, the functors — ® X and [X, —] are adjoint:
- X 4I[X,—].
If an internal hom exists, then % is called closed.

In a closed category, there is a isomorphism

=23

Hom(X,[Y, Z]) = Hom(X ® Y, 2),

which is natural in all three variables.
The terminology ‘closed’ refers to the fact that forming hom-sets does not lead ‘out
of the category’. The stable homotopy category is closed symmetric monoidal category.
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